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ABSTRACT. In this article we explore the relationship between the representation theory of the ratio- 
nal Cherednik algebras of type A at t — and the geometry of the Calogero-Moser space. We give 
a representation theoretic interpretation of fact that the Calogero-Moser space can be described as a 
certain (infinite) union of Schubert cells. We describe the Tor and Ext groups of generalized Verma 
modules and show that they are Gestenhaber algebras, resp. Gestenhaber modules. 
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1. Introduction 

One of the many things that rational Cherednik algebras are related to is the Calogero-Moser 
integrable system. Namely it was shown in the original paper fl2l , where rational Cherednik 
algebras were first defined by Etingof and Ginzburg, that the centre of the rational Cherednik 
algebra of type A, at t = 0, is isomorphic to the coordinate ring of Wilson's completion of the 
Calogero-Moser phase space. The Calogero-Moser space is also closely related to the adelic Grass- 
mannian and rational solutions of the KdV hierarchy. As such, natural objects of study of the KdV 
hierarchy such as the r and Baker functions and Schubert cells appear naturally in the setting of 
the Calogero-Moser space. The purpose of this article is to try and understand how these objects 
manifest themselves in terms of the representation theory of rational Cherednik algebras. 

In the remainder of the introduction, we outline the main results of the paper, introducing the 
notation as it is needed. 



1.1. The rational Cherednik algebra. We begin by studying, independent of any connection to the 
Calogero-Moser space, certain naturally defined representation of the rational Cherednik algebra. 
Let H n be the rational Cherednik algebra associated to the symmetric group & n at t = and 
c = —2, see (|2.1|) for precise definitions. The main objects of study in this paper will be certain 
generalized Verma modules for H n . Let fj* denote the dual of the permutation representation for 
& n . For each p G h*, the skew-group ring C[f)*] x (5 p , where & p is the stabilizer of p in & n , is a 
subalgebra of H n . lib = Yli=i n 'iVi is the image of p in f)*/6 n , then the irreducible 6 p -modules are 
naturally labeled by multi-partitions A = (A^ 1 ), . . . , A( fc )), where AW is a partition of rij. We define 
the generalized Verma module for H n , labeled by p and A, to be 



A(p, A) := H n ® C [f)*]x6 p -V 
l 



(1.1.1) 



where elements in C[f)*] act on A by evaluation at p. The central result of this article is an explicit 
description of the endomorphism ring EndiH n (A(p, A)) of the module A(p, A). The following is a 
special case of Theorem l3.3.9l 

Theorem 1.1.2. For all p G f)* and A G lrr(6 p ), 

(1) T/ie centre Z n o/H n surjects onto E^x) := EndH n (A(p, A)). 

(2) Tfte algebra E^ x) zs fl polynomial ring of dimension n. 

(3) A(p, A) zs a cyc/fc E^ p x)-module. 

Let H\(q) be the hook polynomial associated to the partition A. The algebra H n is Z-graded. 
The Verma module A(A) := A(0, A) is a graded H n -module. This implies that E\ is also Z-graded. 
Theorem |3.1.3| implies that 

Corollary 1.1.3. The algebra E\ is f^-graded with character 

ch « {Ex) = nkr 

In fact, we can do much better than Theorem |1.1.2j and consider not only EndH n (A(p, A)), but 
the whole ext algebra Ext^ (A(p, A)). Similarly if we define A(p, A) op to be the right -ff n -module 
induced as in 1 11. 1. It from the right C[fj*] x 6 p -module A, then we can also consider the tor algebra 
Tor?"(A(p, A) op , A(p, A)). By TheoremUX! the algebra E {PjX) can be identified with Z n /I where 
/ = Annz^ A(p, A). Since I only depends on b and A, we set flb,\ '■= Spec E^^, which is a smooth, 
closed subvariety of X n := SpecZ ra . Then, N^ A := I /I 2 is a locally free £V&,a) -module. It is the 
module of sections of the conormal bundle of SI^a in X n . Its dual \ := (I /I 2 ) y is the module of 
sections of the normal bundle of Slf, \ in X n . The following theorem is an application of the theory 
developed in fll - 

Theorem 1.1.4. The algebra Tor^ n (A(p, A), A(p, A)) admits a canonical structure of a Gestenhaber alge- 
bra such that 

Tor^ n (A(p, A) op , A(p, A)) ~ A' M p X (1.1.5) 

as Gestenhaber algebras. 

Moreover, the space Ext^ n (A(p, A), A(p, A)) admits a canonical structure of Gesternhaber module over 
the Gestenhaber algebra Tor^ n (A(p, A) op , A(p, A)) such that 

ExtH n (A(p,A),A(p,A)) ~ A'N PiA 

as Gestenhaber modules, compatible in the obvious sense with the identification (11.1.51 ). 

Theorem ll.l.2[ Corollary 11.1.31 and Theorem II . 1.41 are valid for any rational Cherednik algebra, 
provided the support of the module A(p, A) is contained in the smooth locus of the generalized 
Calogero-Moser space. 

1.2. The Calogero-Moser space. Wilson's completion of the Calogero-Moser space can be de- 
scribed as follows, see section [4] for details. Let CM n be the set of all pairs of n x n, complex 
matrices (X, Y) such that the rank of [X, Y] + J„ is one. The group PGL n (C) acts on the space 
CM n and the Calogero-Moser space CM n is defined to be the categorical quotient CM n / /PGL n . It 
is a smooth, 2n-dimensional affine variety. As noted above, Etingof and Ginzburg constructed an 
isomorphism X n ^> CM n . On the other hand, Wilson showed that the union over all n of the 
Calogero-Moser spaces CM n can be identified with a certain infinite dimensional space, the adelic 
Grassmannian. Thus, there is an embedding of the space X n into this adelic Grassmannian. In or- 
der to be able to describe the image of the subspaces £lb,\ in the adelic Grassmannian, it is more 
convenient to describe the adelic Grassmannian in terms of certain spaces of quasi-exponentials. 



A holomorphic function / on the complex plane that can be expressed as 

f( x ) = e b ^ gi (x) + --- + e b ^g k (x), 

where bi € C and g%{x) is a polynomial, is called a quasi-exponential function. Let Q denote the 
space of all quasi-exponential functions. A finite dimensional subspace C of Q is called homoge- 
neous if C = ©fc g c Cb> where is spanned by functions of the form e bx g(x) for some polynomial 
g(x). The set of all finite dimensional, homogeneous subspaces of Q is denoted QGr. Using the 
Wronskian, one can pick out certain distingushed spaces in QGr called canonical spaces. The set 
of all canonical spaces is denoted Q£. Wilson showed |33| that each point in the Calogero-Moser 
space CM„ can labeled by a canonical space C G Q£. As a consequence we have bijections 

X n — ^ CM„ -^U- Q£ n 



where Q£ n is the set of all n-dimensional spaces in Q£. One of the main goals of the paper is to 
describe the image of £lb,\ under v n . 
For b = nA £ we define 



Gr 6 (QGr) = Gr ni [e^C[x] 2ni ) x ■ ■ ■ x Gr nfc [e b " x C[x] 2nk 

a projective subvariety of QGr, where C[x] k is the space of all polynomials of degree less that k. 
Each Gr ni (e 6ia C[z]2 ni ) has a natural stratification by Schubert cells, which are labeled by all those 
partitions \i that fit into a square of length 2rij. Thus, if A = (A* 1 ), . . . , A^) with A^ h rii, then 

®%\ = n T u \m x ' ' ' x n T k ,\m 
is a locally closed subvariety of Gr5(QGr). 

Theorem 1.2.1. Let p e fj* and A = (A^ 1 ), . . . , A^ fc )) an irreducible & p -module. Then, the map v n restricts 
to an isomorphism of varieties 

where b is the image ofp in f)*/6 n , and A* denotes componentwise transpose. 

The proof of Theorem 11.2.11 is given in section 17.11 The essential fact that we shall repeatedly 
use in the proof of Theorem 11.2.11 is that each of the spaces X n , CM n and Q£ n satisfies a certain 
factorization property. Namely, there is a map from each of the spaces to f)*/© n , 

X n CM n QSn 





such that the fiber of each map over b can be factorized as the product of the fibers over n» • bi, 
where % runs over 1, . . . , k, for instance 



7T 



~ 7r 1 {n 1 ■ bi) x • • • x 7r 1 {n k - b k ), 



where ir 1 (rij • bi) is a closed subvariety of X„ 4 . The key step in our work is to show that each of 
the isomorphisms X n CM n and CM n ^> Q£ n is compatible with these factorizations, in the 
obvious sense. A closely related result [29 J appeared whilst this paper was in preparation. The 
second key fact that we shall repeatedly use is that each of the spaces X„, CM„ and Q£ n is equipped 
with a canonical C x -action such that the isomorphisms between them is C x -equivariant. 
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1.3. Dual to the space Qb,x is a space U a ,fi, where a = J2i=i n i a i e h/&n- It is the support of 
a dual Verma module, V(q, /x), where g 6 fj with q = a and /i = (/x^, . . . , /x") is an irreducible 
Sg-module. We show, Theorem l7.2.4t that the image of U a ,n under the map v n is the set of all 
spaces C of quasi-exponentials in Q£ such that the singularities of C, counted with multiplicity, 
are encoded by a, and /x encodes the exponents of C at each singular point. See definition 17.2.11 
for details. 

The space HoiriH n (V(g, /x), A(p, A)) is a Z n -module, supported on the intersection of Qb,\ an d 
^a,/x- We consider the case p = so that ^ n (^o,A n U a ,fi) is contained in Gr n (C[x]2 n )- Set- 
theoretically, the intersection Gr n (C[x]2 n ) H ^ n (^a,/x) is the intersection 

^(g) = ^(i) (gi) n • • • n (q k ) 

of a certain collection of Schubert cells in Gr n (C[x]2«), where the numbers qi are specifying com- 
plete flags in C[x]2n- Under the assumption^ that we have an equality of (non-reduced) sub- 
schemes 

Gr n (C[x] 2 „) n v n (U a ,n) = Sly.{q) 
of Gr n (C[x]2n)/ we show in Theorem |7.3.4| that 

Corollary 1.3.1. We have an isomorphism of zero-dimensional, Gorenstein schemes 

v n : n 0)X n L5 aiM Q^ xt n M (g) 
swcfa t/zat HoiriH n (V(g, /x), A(0, A)) is f/?e coregular (~ regular) representation o/C[f2o,A n ^a,/x]- 
We show, independent of the assumption, that 

dim HomH n (V(<7, /x), A(0, A)) = dimCfil^ nfl^f?)] = (cr A t , cyi) ••■cy fc )), 

where <r. is the cohomology class in fP(Gr n (C[x]2n)) defined by the closure of a given cell and 
(— , — } is the usual pairing on iJ*(Gr n (C[x]2n))- 

1.4. The results of this article were motivated by recent work of Mukhin, Tarasov and Varchenko. 
They showed in [27], that there is an intriguing relationship between the rational Cherednik alge- 
bra and the Bethe algebra associated to the Gaudin integrable system. Many of the results of this 
paper were inspired by analogous results of Mukhin, Tarasov and Varchenko about the represen- 
tation theory of the Bethe algebra. 

1.5. Outline of the article. In section|2]we recall the definition of rational Cherednik algebras and 
describe their basic features. We introduce generalized Verma modules. 

Section|3]is devoted to the study of the endomorphism ring of generalized Verma modules. It is 
shown that the centre Z c of the rational Cherednik algebra H c surjects onto these endomorphism 
rings and thus they are commutative. When the Verma module is graded we give the graded 
character of its endomorphism ring. More generally we study the tor and ext algebras associated 
to these generalized Verma modules. 

Then, in section^ recall the basic properties (in particular the factorization property) of Wilson's 
Calogero-Moser space CM ra . Following on from this, we show in section [5] that the isomorphism 
ip n '■ X n —t CM n constructed by Etingof and Ginzburg is compatible with the factorizations of 
X n and CM ra . We describe, using the representation theory of the degenerate affine Hecke algebra 
(which is a subalgebra of H n ), the precise bijection between the C x -fixed points of X n and those of 
CM n that is induced by the map ip n . 



See assumption l7.3.2l for details. 
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Section [6] studies various infinite dimensional Grassmannians and the relationship between 
them. We show that the various identifications of these different Grassmannian are compatible 
with the natural factorizations that each space possesses. We also describe the partition of these 
Grassmannians into Schubert cells and recall the role of the r-function in describing the embed- 
ding of these Grassmannians into projective space. 

In the final section we describe the image of the subsets f2f, \ and I5 a ,n in Q£ under the map v n 
described above. We also study the intersections Qb,x H aiM , giving a proof of Corollary ll.3.11 

The appendix contains a summary of the main results of [1J that are required in the article. 

1.6. Conventions. By "X is an affine variety" we always mean a reduced and irreducible affine 
scheme of finite type over C. If the space X is not reduced or not irreducible we call X an affine 
scheme. We denote by X re & the affine variety Spec(C[X]/radC[X]) corresponding to the affine 
scheme X. The smooth locus of X will be denoted X sm . When considering a coherent Ox -module 
M., Supp M denotes the closed (not necessarily reduced, even if X is reduced) subscheme defined 
by the annihilator ideal sheaf of M.. 

Given a vector space V and < n < dmiV, we denote by Gr n (^) the Grassmannian of all 
n-dimensional subspaces of V. 

If X is a variety with a algebraic C x -action and xo G X a fixed point of this action, then the 
attracting set of xq is the set {x G X | linic^oo a ■ x = xq}. This convention is chosen so that the 
coordinate ring of the attracting set is N-graded. 

If M is a Z-graded module then M[i] is the graded module with M[i]j = Mj-{. If each graded 
piece M{ of M is finite dimensional and M, = for i <C (resp. i » 0) then we denote by ch q (M) 
the power series 



Throughout, N will denote the natural numbers {0,1,2,...}. 
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2.1. Definitions and notation. Let (W, fj) be a complex reflection group, where f) is the reflection 
representation for W, and let S(W) be the set of all complex reflections in W. For each s G S(W), 
choose vectors a s G fjanda)f G I)* that span the one dimensional spaces Im(s — l)|(, and Im(s— l)|f,» 
respectively. We normalize a s and a)f so that a^(a s ) = 2. Let c : S(W) — > C be a W-equivariant 
function. The rational Cherednik algebra at t = 0, as introduced by Etingof and Ginzburg |1T2| and 
denoted H C (VF), is the quotient of the skew group algebra of the tensor algebra T(fj®f)*) x Wby 
the ideal generated by the relations [x, x'] = [y, y'] = and 



ch g (M) = ^ dim Mj q i 



inC((g))(resp.inC((g- 1 ))). 



2. Rational Cherednik algebras at t = 




(2.1.1) 



for all x, x' G fj* and y, y' G I). 
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A fundamental result for rational Cherednik algebras is that the PBW property holds for all 
parameters c. That is, there is a vector space isomorphism 

H c (W^4C[b]®CW®C[fj*]. (2.1.2) 

2.2. The generalized Calogero-Moser Space. The centre Z C (W) of H C (W) is an affine domain over 
which H C (W) is a finite module. We shall denote by X C (W) := Spec (Z C (W)) the corresponding 
affine variety. The space X C (W) is called the generalized Calogero-Moser space associated to the 
complex reflection group W at parameter c. By |T2l Proposition 4.15] we have inclusions C[f)] w 
Z C (W) and C[f)*] w > Z C (W). These inclusions define surjective morphisms tt : X C (W) — > \f jW 
and zu : X C (W) — > f)/W respectively. 

Write 

T : Xc(W) — > t)*/W x t)/W 

for the product morphism T := it x w. It is a finite, and hence closed, surjective morphism. By 
putting x G fj* in degree one, y G f) in degree —1 and each w £ Win degree zero, it is clear from the 
relations (|2.1.1)) that H C (W) is a Z-graded algebra. This implies that Z C (W) is also Z-graded. Thus, 
there exists a canonical C x -action on X C (W). The map T is C x -equivariant since Cff)]^ <S> C[t)*] w 
is a graded subalgebra of Z C (W). We recall some of the fundamental properties of X C (W). 

Lemma 2.2.1. Let ir^ 1 (a) denote the scheme-theoretic fiber of it over a, a closed point in f)*/W. Then, 

(1) The algebra C[X C (W)] is free of rank \W\ over C[\]] w ® C[fj*] w , hence X C (W) is Cohen-Macaulay. 

(2) The algebra C[7r~ 1 (a)] is a free C[t)] w -module of rank \W\. 

Proof By EH Proposition 4.15], Z C (W) is a free C[t)] w ® C[fj*] w -module of rank \W\. Therefore 
Cfvr-^a)] isafreeC^^-moduleof rank \W\. □ 

The affine scheme ir^ 1 (a) is neither reduced nor irreducible. The generalized Calogero-Moser 
space X C (W) has a natural Poisson structure, see FI2I . 

2.3. H c (iy)-modules and fixed points of the C x -action. We define those H c (V4 / )-modules that 
will be the focus of the rest of the article. 

Definition 2.3.1. Choose p G f)*, q G f), a E f)/W and 6 G f)*/PF. Let the stabilizer of p (resp. of g) 
be denoted by W p (resp. W 9 ) 

(1) Choose A G I rr( W p ). The generalized Verma module associated to p and A is defined to be 

A(p,X) := H C (W) ®cm*w P A, 

where the action of C[fj*] on A is via evaluation at p. When p = 0, A(p, A) will be written 
A (A) and is called a Verma module. 

(2) Let m a < Cff)] 1 ^ the maximal ideal corresponding to a. The generalized baby Verma module 
associated to p, A and a is defined to be 

A(p, A, a) := A(p, A)/m a • A(p, A). 

(3) Choose p, G \rr(W q ). The rfwa/ generalized dual Verma module associated to q and p, is defined 
to be 

V(q,p) := H C (W) ®c[b]»w q M- 
where the action of C[fj] on /i is via evaluation at q. 

(4) Let ri5 < Cffi*] 1 ^ the maximal ideal corresponding to b. The dwaZ generalized baby Verma 
module associated to q, p and b is defined to be 

V(g, M, 6) := V(g, /i)/n b • V(g, /i). 
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The module A(0, A, 0) is the baby Verma module studied in ||18|. Motivated by the connection 
between the Calogero-Moser space and certain ordinary differential equations: 

Definition 2.3.2. A simple H c (f), VF)-module L is said to be Fuchsian if C[f)*]^ • L = 0, where 
C[i)*]f is the augmentation ideal of C[J)*]. 

The coinvariant ring C[t)] coH/ is defined to be the finite dimensional quotient C[t)]/(C[f)]^) of 
C[fj], where (Cffj] 1 ^) is the ideal in C[f)] generated by the augmentation ideal of Cff)] 1 ^. Since W is a 
complex reflection group, the coinvariant ring C[f)] coH/ is isomorphic to the regular representation 
as a W^-module. Choose p G t)* r q G f), a G f)/W and b G f)* /W as in definition 12.3.11 The 
image of p in f)* /W is denoted p and similarly for q. Let (5 be the determinant character of W q i.e. 
8(w) = det(ro[f,) for all u> G W 9 . 

Lemma 2.3.3. If p = b and q = a then 

dimHom Hc (iy)(V((L^,b), A(p, A, a)) = dimHomvi/(lnd ^(/x ® (5*), lnd|^ p A); 

otherwise Hom Hc mn(V(g,jU, 6), A(p, A, a)) = 0. 

Proof, lip ^ b, then n?, • A(p, A, a) / and hence Hom Hc (yi/) (V(g, /i, 6), A(p, A, a)) = 0. Therefore 
we assume that p = b. Then, 

Hom Hc{w/) (V(<7, /i, b),A(p, A, a)) = Hom Hc(iy) (V(g, p),A(p, A, a)) 

= Hom c[()]> , Wg (/i, A(p, A, a)). 

As a <C[fi] -module, p is just the direct sum of dim p copies of the skyscraper sheaf at q. If a%, . . . , 
are the points in the Wp -orbit corresponding to a, then 

fc 

A(p,A,a) = 0C[f)k®lnd$ p A 

i=i 

as a C[f)] -module, where C[f)] ai is a module supported at a^. Then, 

Homqdjx^Oi, A(p,A,a)) c Hom c[I ,](/x, A(p, A, a)) 

implies that Hornet] aw,^ ^(P> ^> a )) = unless q = a. Therefore, we assume that q = a. Then, 
there exists some i such that q = at and 

Hom CM><l y 9 (^, A(p, A, a)) = Hamqy^Oi, C Mg ® ln diy p A). 

Under the automorphism of C[f)] x W 9 , the module C[Fj] g is sent to C[f)] coM/,J and p 

is sent to po, which is defined to be the C [fj] x W q -module isomorphic to p as a W q -module and 
supported at 0. Thus, 

Hom c[t)]><w >,C[f)] g ® Ind^A) ~ Honic,^^^, C[f)] co ^ ® lnd^ p A) (2.3.4) 

= Hom c[f)]>4H/9 ( M ,soc(C[f)] co ^) <g> lnd^ p A). (2.3.5) 

The socle of C[f)] c 9 is a W q -module. It is known that this W q -module is the determinant character 
5, see |24l Corollary 4.23 (iii)]. Therefore, the space l|2.3.5[) can be identified with 

Homw a 0M ® Ind j^ p A) ~ Hormy(lnd 5*), Ind $ p A). 

□ 
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2.4. Since H C (W) is a finite module over its centre, each simple H c (iy)-module L is finite dimen- 
sional. Moreover, by Ifl2l Theorem 1.7], we have dimL < \W\ with equality if and only if the 
support of L, which is a closed point of X C (W), is contained in the smooth locus. As noted above, 
the map T is C x -equivariant. Since the image of in fj* jW x [) jW is the unique C x -fixed point of 
that space, the finitely many closed point of T _1 (0) are the precisely the C x -fixed points in X C (W). 
The simple H c (VF)-modules supported at each of these fixed points is a graded H C (V7) -module. 
These simple modules are modules for the restricted rational Cherednik algebra H C (W), which is the 
quotient of H C (W) by the ideal generated by C[f>]^ and C$*]f. 

It is shown in [18, Proposition 4.3] that these graded, simple modules are naturally parameter- 
ized by the set lrr(W r ). We see from the definition of H C (PF) that each of the baby Verma modules 
A(0, A, 0) is a H c (W)-module. Then, for each A G lrr(W), the head of A(0, A, 0) is a simple, graded 
H^W^-module, denoted L(X). The support of L(A), a closed point in X C (W), will be denoted x\. 
Thus, we have a surjective map lrr(W) — > {C x -fixed points in X C (W)}, which is a bijection if and 
only if X C (W) is smooth. 

3. Endomorphism Algebras 

3.1. Let W be a complex reflection group and fix A G lrr(W). In the first part of this section we 
consider the Verma modules A(A), which are supported on 7r _1 (0). These modules are Z-graded, 
a fact that will be crucial for our arguments. 

Lemma 3.1.1. If the C x -fixed point x x is contained in the smooth locus ofX c (W) then Supp A(A) is 
contained in the smooth locus ofX c (W). 

Proof. The singular locus of X C (W) is C x -stable. The module A (A) is graded by putting 1 (£> A in 
degree zero. Then, all non-zero weight spaces are positive. Therefore, if / is the annihilator of 
A(A) in Z C (W), then the quotient Z C (W)/I is positively graded with degree zero part equal to C. 
This implies that SuppA(A) is contained inside the attracking set {x G X C (W) | lim^oo t ■ x = X\}. 
The singular locus X c (W) sing of X C (W) is C x -stable. Therefore, if SuppA(A) n X c (W) sing / then 
x\ belongs to this intersection. □ 

For \x G Irr(iy), the polynomial that records the graded multiplicity of p, in C[f)] coW is called the 
fake polynomial f^it) of p. The degree of the lowest monomial appearing in f^t) is denoted 6 /t . 

Lemma 3.1.2. If the C x -fixed point x\ is contained in the smooth locus ofX c (W) then the endomorphism 
ring -E(a,o) := End Hc (v!/)(A(0, A, 0)) of the baby Verma module A(0, A, 0) is N-graded, commutative and 
Z C (W) surjects onto £?(o,a,o)- ^ n this case, the graded character of E(\ t o) is given by 

ch q (E (m ) = q- b ^f x 4q). 

Proof. Since A(0,A,0) is indecomposable, it belongs to a single block of the restricted rational 
Cherednik algebra H c (iy). Since we have assumed that the fixed point of X C (W) labeled by A is 
contained in the smooth locus, this block of the restricted rational Cherednik algebra is isomor- 
phic to Mat {A), where A is some finite dimensional, local, graded quotient of Z C (W) - see IfTBl 
§5.3]. If P(A) is the projective cover of L(X) in H c (W)-mod then P(A) = V(A), the "vectorial" rep- 
resentation of Mat|w|0A). Since L(A) is a quotient of the indecomposable module A(0, A, 0), the 
module A(0, A, 0) is a quotient of -P(A). Hence A(0, A, 0) = ^(-E^o)) f° r some A-module ^a.o)- 
Clearly Eno) is actually a graded quotient of A and hence also a quotient of Z C (W). Let L be the 
unique simple module for A, considered as a graded module concentrated in degree zero so that 
the natural map A -» L is graded of degree zero. Then 

ch q (E im ) = Y,( E (x,o) ■■ m) q l = E( a (m>°) : L ( A )W) ?*■ 

i>0 i>0 
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The proof of BE Theorem 5.6] shows that Ei>o( A (°> A > °) : L ( x ) [*]) 9* equals <r 6 ** / A „(g) € N[g]. 

□ 

Recall that the degrees of a complex reflection group (W, f)) is the multiset of degrees of some 
(any) choice of homogeneous, algebraically independant generators of Cff)] 1 ^. 

Theorem 3.1.3. Assume that the C x -fixed point x\ is contained in the smooth locus ofX c (W). Then, 

(1) The endomorphism ring E\ of the Verma module A (A) is an ^-graded quotient ofZ c (W). In 
particular, it is commutative. 

(2) A (A) is a cyclic E\-module. 

(3) The graded character of E\ is 

n 

ch q {E x ) = q - h >-*fUq)\{{i-q d T\ 

i=i 

where d±, . . . ,d n are the degrees of (W, f)). 

Proof. Throughout the proof, a graded map or graded morphism will mean a graded map of de- 
gree zero. Since A(A)j = for all i < 0, E\ must be an N-graded algebra. We begin by giving 
an upper bound on its graded character and then show that the graded character of the image of 
the centre of H C (W) in E\ is at least as big. Since A(A) is generated by a copy of the irreducible 
VF-module A, lying in degree zero, it has a unique maximal graded submodule M and the quo- 
tient is L(X). The grading on L(A) is defined so that the quotient map A(A) — > L(A) is graded. 
Under our assumption, the module L(\) is isomorphic to CW as a CVF-module, thus there ex- 
ists a unique copy of the trivial CVF-module 1 in L(X). There is a unique graded copy 1 of the 
trivial VF-representation in A(A) mapping onto 1. Now choose (j) € E\ a nonzero, homogeneous 
element of degree k. Then, 0(1 (g> A) ^ and, since 4> is homogeneous, 4>(M) C 0(A(A)) implies 
that (f)(1) / 0. If deg(i) = a then cf> h-> 0(1) [—a] defines an injective, graded map of vector spaces 
E\ — > eA(A)[— a]. As in the proof of [18, Theorem 5.6], a direct calculation shows that a = b\* and 

n 

ch 9 (eA(A)[-M) = q~ h *fxM I^ 1 " 

i=l 

By Lemma 13.1.21 E^,o) is a graded quotient of Z C (W). We fix a graded lift E\ of -E(a,o) m Z C (W) as 
vector spaces. Define by multiplication the graded map 

t:E x ®CM w -^E x . 

This map factors through Z C (W). The graded character of E\ C[fy] w is also q~ bx * f\*(q) nr=i(l ~~ 
q di )~ l . Therefore, the result will follow if we can show that r is injective. Let a = Y^j*=i a j ® fj e 
E x C[t)] w such that r(a) = 0. We may assume without loss of generality that a is homogeneous. 
Let k > be the smallest integer such that deg(/j) > k for all i and the ideal in C[f)] w of all 
element of degree greater than k. Set A^(A) = A(A)/rrifcA(A), then r(a) is also an endomorphism 
of Afc(A). By assumption, this endomorphism is zero. We may now assume that {/i, . . . , f m } is in 
fact a basis of C[f)]jf , the space of all poynomials of degree k. We have 

m fc _ 1 A fc (A)^A(0,A,0)® m . 

The subspace tttoA^A) is contained in the kernel of r and the image of r is contained in m^-i A^(A). 
Thus, r induces a map 

f : A(0, A, 0) ~ A fc (A)/m A fc (A) — ► A(0, A, 0)® m . 

The map f is just (ai, . . . , a m ), where aj is the image of a, in E^o)- Thus, f is zero if and only if 
each ai is zero. Hence f implies that a = 0. □ 
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Remark 3.1.4. Lemma |3X2] and Theorem 13. 1 .31 are false if the assumption on x\ is dropped. 



Corollary 3.1.5. The commutative ring E\ is a graded polynomial. 

Proof. The algebra E\ is N-graded and connected. Therefore, there is a unique graded, maximal 
ideal m in E\. The algebra E\ is a finite module over C[t)] w . Therefore, by H Corollary 1.4.5], 
the Krull dimension of E\ is dimf). Let T = (E + /E\)* be the tangent space at the unique closed 
C x -fixed point of Spec(i^A)- If we can show that dimT = n then the corollary follows from the 
well-known claim: 

Claim 3.1.6. Let R be an N-graded, commutative C-algebra such that R/R + = C and R has Krull 
dimension n. If the tangent space U = {R + / R\)* has dimension n then we have an isomorphism 
of graded algebras C[U] R. 

Let's show dimT = n. It must have dimension at least n. Since Spec(E\) is a closed subvariety 
of X C (W), T is a subspace of T Xx X c (W). The fact that x\ is a C x -fixed point implies that the space 
T XX X C (W) isaC x -moduleandTisasubmodule. We decompose T Xx X c (W) = T_ eT eT + , where 
T_ consists of all weight spaces of strctly negative weights etc. We have T C T + . Since x\ is an 
isolated fixed point, it follows from [6, Corollary 2.2] that To = 0. By assumption, x\ is contained 
in the smooth locus of X C (W). Therefore, T Xx X c {W) is a symplectic vector space. The symplectic 
form on T Xx X c (W) is C x -invariant. This implies that dimT + = dimT_ = n. Thus, T C T + implies 
that dim T < n as required. □ 

Corollary 3.1.7. The Ex-module A(A) is free of rank \W\. 

Proof. Since we have shown in Corollary 13. 1 .51 that E\ is a polynomial ring, and A (A) is a finitely 
generated .Ea -module, it suffices to show that A(A) is projective, or equivalently, locally free. Let 
m C E\ be a maximal ideal and consider the quotient L = A(A)/m • A (A). This space is non- 
zero since any endomorphism <fi € Ex whose image in Ex/m ■ Ex is non-zero induces a non-zero 
endomorphism of L. On the other hand, the proof of Theorem l3.1.3l shows that the map 

E x /m ■ E x — ► eA(A)/meA(A) = eL 

is an isomorphism. In particular, dim eL = 1. By Lemma [3.1.11 the support of A (A), and hence of 
L too, is contained in ths smooth locus of X C (W). Therefore, L is simple and has dimension \ W\. 
Thus, every fiber of A (A) has dimension \ W\ over Ex- □ 

3.2. Now we will consider homomorphisms between the various A(A). 

Lemma 3.2.1. Let A ^ fx e Irr(T^). If either of xx or cc M belongs to the smooth locus ofX c (W) then 

Hom HcW (A(A),A(/i)) = 

Proof. Without loss of generality, xx is contained in the smooth locus of X C (W). We begin by 
remarking that this implies that the block of the restricted rational Cherednik algebra H C (W) con- 
taining L(A) is a singleton. In particular, Rom^^ w ^(A(0, A, 0), A(0, fi, 0)) = 0. 

Let mi C Cff)] 1 ^ be the subspace of all elements of degree at least i. It is an ideal in Cff}] 117 . We 
set Aj(A) = rrijA(A), a graded submodule of A(A). This defines a filtration of A(A) such that 

A,(A)/A m (A) ~ (A(0,A,0)H]) ffiA S 

as a graded H C (W) -module, where N{ = dimmj/rrij+i. 

Let 7^ (j) € Hom Hc ( H /)(A(A), A (//)). Since the space Hom Hc ( H /)(A(A), A(/i)) is graded, we may 
assume without loss of generality that (j) is homogeneous. The fact that A (A) is generated by 1 (g> A 
implies that M = 4>{\ <g> A) is a non-zero, graded subspace of A(/i) that generates the image of 
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4>. Let i be the largest integer such that M C A$(/z) so that the image of M in Aj(/x)/Ai+i(/z) is 
non-zero. Then, descends to a non-zero morphism 

^:A(0,A,0)^(A(0,/x J 0)H]) ffiJV \ 

This implies that HorriH c (vK)(A(0, A, 0), A(0, fx, 0)) is non-zero, which contradicts our initial as- 
sumption. □ 

We have shown in Theorem 13. 1 .31 that Z C (W) surjects on to EndH c (A(A)). Let K be the ideal in 
Z C (W) defining 7r -1 (0) re d. 

Proposition 3.2.2. Assume that X c (W) is smooth. Then, multiplication defines a graded isomorphism 

Z C (W)/K End Hc{w) I A (A) J . (3.2.3) 

\Aelrr(VK) / 



Proof. Lemma EI shows that End Hc{ w) (S A g| rr(Ty) A(A) J ~ ®xe\n{w) End H c (W)( A (A)). The- 
orem [3X3] (1) together with Corollary 13.1.51 implies that the support of A(A) is reduced. Thus, 
K • A(A) = for all A € Irr(PF). The supports of the modules A(A) are also disjoint because 
they are precisely the attracting sets for the C x -action. These facts imply the statement of the 
proposition. □ 

Remark 3.2.4. Even when X C (W) is smooth, one can show that 7r _1 (0) is not reduced. In fact, it 
will be reduced if and only if W ~ Z m and c generic. To see this, notice that Theorem l3.2.2l implies 
that Z C (W)/K is positively graded. However, if W has irreducible representations of dimension 
greater than one then Z C (W) / (C[fj*]!f) has non-zero graded pieces of negative degree. 



3.3. Generalized Verma modules. In this section we extend Theorem 13. 1 .31 to generalized Verma 
modules. This is done by showing that the endomorphism ring of A(p, A) is isomorphic to the 
endomorphism ring of the H c /(f), W / p )-module A(A), where c' denotes the restriction of c to the 
reflections in W p . First, we recall a certain completion of H c (f), W), as defined by Bezrukavnikov 
and Etingof 0. Our presentation will be slightly different to loc. cit. because we require it to agree 
with Wilson's factorization of the Calogero-Moser space when W is the symmetric group. 

Let p £ f)* and let b be the image of p in \j*/W. We denote by rrib for the maximal ideal of 
Cff)*] 1 ^ corresponding to b. The completion of H c (f), W) with respect to the ideal generated by 
tut, is denoted H c (^,Ty)b. The algebra C[fj*]/ma • C[fj*] is finite dimensional with closed points 
corresponding to the VF-orbit of p. Assume this orbit consists of I points p\ = p,p%, . . . ,p\. Then, 
there exist primitive idempotents e±, . . . , e/ £ C[()*]/m& ■ C[f)*] such that 

i 

Cm/m b ■ C^*} = 0(C[f,*]/m b • Cm) ■ Si. 

1=1 

Hensel's Lemma, ItlOl Corollary 7.5], implies that the primitive idempotents in 

C[r?] b :=limC[r]K-C[r] 

are precisely the lifts e, of the ej. Therefore, 

l i 

= ©c?L • = 0qF] Pl 

1=1 i=l 
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with each C[fj*] p • &% a local ring. For all k > 0, the PBW-Theorem (|2.1.2|) implies that 

C[^]nm|-H c (W,b)=mg.Cft*]. 

Hence, we have embeddings 

Cm/m k b ■ C^*] ^ H C (W, J>)/mg • H C (W, f>) 

and taking the inductive limit, C[f)*] b H C (VF, f))b, where we have used the fact that the functor 
of inverse limit is left exact. Therefore, we have e$ G H C (W, fj){, for all % and 

z 

HcW b) 6 = eA(W, f)) b ej. (3.3.1) 

Let H c /(T4 / Pi , f)) Pi denote the completion of H c /(W Pi ,f)) with respect to the maximal ideal n Pi in 
C[f)*] p i. We write C[f)*]_ for the completion of C[f)*] with respect to the maximal ideal n Pi in 

order to distinguish it from C[f)*] (though these rings are isomorphic by Lemma [3.3.2)) . Write 
also Wij for the subset of W consisting of all elements w such that w ■ &i = ej. Before proving the 
main result of the section we require a series of preparatory lemmata. 

Lemma 3.3.2. Let Rbe a commutative Noetherian ring and I an ideal of R. Then, the natural map 

lim R/I k -> limi?/(rad/) fc 

is an isomorphism, where rad I is the radical of I. 

Proof. The result IflOl Lemma 7.14] says that the map will be an isomorphism if for each k there 
exists some I such that P C (rad/) fc and some m such that (rad/) m C I k . Since / C rad / we 
have I k C (rad/) fc for all k. So we just need to find some m such that (rad/) m C I k . Since R is 
Noetherian, both / and rad I are finitely generated. Fix generators f\ , . . . , f r of rad I and let ni G N 
such that Z™ 1 G I. If we take m = 1 + IILi( fcn i ~ l ) then 

(ai/iH ha r / r ) m = ^ fh ■ ■ ■ fi m a h 

i=U,...,i m 

for some ai G i?. By our choice of m, each product • • • /j m contains some fa at least nj/c times. 
Therefore, fi 1 ■ ■ ■ fi m a- Y G I k , as required. □ 

Lemma 3.3.3. Multiplication defines a vector space isomorphism 

e^CWij ® C[f)])§C[F] p . ej ^> e 4 H c (W, fj) 6ei . 

and hence 

eS\ c (W, t)) b ej (8) ejH c (W, b)6efc eiH c (P^, f)) b efc 

/or fl/Z 1 < i, j, k < I. 

Proof Lemma r3.3.2l implies that we have canonical isomorphisms 

<^] b -e j ~cF] p .~C[F] p .. 

Therefore, multiplication is a well-defined map . The algebra H c ( W, f) ) b is filtered by putting C W <g> 

C[t}*] b in degree zero and f)* C C[f)] in degree one. The PBW-theorem says that the associated 

graded algebra is the skew group ring (W ix C[f)])<g)C[f)*] b and the claim of the lemma on the level 
of associated graded spaces is clear. Since multiplication is a filtration preserving map it follows 
that it is also an isomorphism. 
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The second claim now follows from the fact that C[fj*] ejto = wC[fy*] pk ek for all w G Wj t k and 
Wi, r W jjk = W i}k . ' '' □ 

Lemma 3.3.4. In H C (W, t))b we have [x, = 0,/or all x G fj* c C[f)], 1 < i < I. 

Proof. Let s £ W be a reflection. Recall the vectors a s G f) and a)! G f)* as defined in (|2.i|) . It is 
shown in section 3.5 of |18| that the functional can be extend to a C-linear operator on C[Fj*] by 
setting 

<£(//') = «)f (/)/' + " K ^^p- a s , V /, /' G C[f,*] 

This operator satisfies 

It is also shown that ct^(f) = for all s G S and / G C[f)*] M '\ Therefore extends to an operator 

on C[f)*] p such that relation l|3.3.5|) holds for / G C[f)*] p . Applying oc£ to e,- L and using the fact that 
&i is an idempotent gives 

(l-2e l + X s ^p\a s )=0. 

Multiplying by ej and using the fact that Lemma [3.3.21 implies that C[f)*] p ej ~ C[f)*] , which is a 
domain, we must have 

eiaiiei) = or e i OL J s {e i ) = J) s r aj 1 ^. 

However, a s is invertible in the local ring C[fj*] pj if and only if a s (pi) ^ if and only if s ■ ei ^ e^. 
Therefore, multiplying the expression for [x, ei\ given in l|3.3.5[) on the right by ej gives zero. □ 

Proposition 3.3.6. For i = 1, . . . , I: 

(1) we have an isomorphism of completed algebras 

9t :H c '(W Pi ,t)) Pi ^ e l H c (W,[)) b e i , 

(2) the functor e« : H C (W, f))5-mod — > H c /(VF Pi , f)) Pi -mod, M >->■ e^M zs an equivalence of categories, 

(3) we /zape an isomorphism of commutative algebras 

<Pi : Z(H c (W,f)) 6 ) ^> Z(H c ,(W Pi ,Jj) Pi ). 
Proof. By Lemma l3.3.3l we can define a map 

0i : H c ,(W n ^) Pi = (CW M ® C[f)])gC[F] Pj -> e 4 Hc(^, f>)&e<, 
by / i->- eifei, which is an isomorphism of topological vector spaces. Note that commutes with 

elements from C[f)*] and W Pi = Wij. To show that this is an algebra morphism we must show 
that 

eixxxie-i = ejXiejX 2 ei, Vxi,x 2 G f)* C C[f)] 

and 

ej[y,x]ie^ = [e^ej, e^xe^, Vy G f), x G f)*, 

where [— , — ]i denotes the commutator in h\ c /(W Pi , f)) Pj and [— , the commutator in H C (W, fy)b- 
The first equality follows from Lemma 13.3.41 and the second follows directly from the relations 
( 12.1.11 ), noting that e, commutes with y. 
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The decomposition d3.3.1| > of H C (W, f))& allows us to think of H C (VT, (5)5 as a "matrix algebra". 
In particular, the centre of H C (W, t)) b is contained in i=1 ejH c (W, t)) b ei and the projection map 
m : H C (W, fy b -> eiH c (W, f))bei induces an isomorphsim m : Z(H c (W,Fj)&) -> Z(eiH c (W, t)) b ei). 
Therefore, we have 

& = flr 1 o ni : Z(H C (W, f)) 6 ) Z(H c ,(W Pi) J>) Pi ). 

□ 

Corollary 3.3.7. Let pet)* and b e \f jW as above. Let bi be the image of pi in t)*/W Pi . Then, we have 
an isomorphism of schemes 

Proof. Since the isomorphism Bi of Proposition l3.3.6l maps the space n Pi onto eim b ei, the map fa of 
Proposition 13.3. 6l satisfies 

fa(m b ■ Z(H C (W, t)) b )) = n Pi ■ Z(H c (W Pi , t)) Pi . 

It is proved in O Lemma 3.9] that Z(H C (W, t)) b ) is the completion of Z(H C (W, f))) with respect to 
the ideal generated by rrib and, similarly, that Z(H c t(W Pi , i)) Pi ) is the completion of Z{Y\ c i(W Pi , f))) 
with respect to the ideal generated by n Pi . Therefore, fa induces an isomorphism of commutative 
algebras 

Z(H c (W,t))) ~ Z(H c ,(W Pi ,t))) 
m b -Z(H c (W,t))) n p .-Z(H c ,(W Pi ,t>)y 

□ 

We denote by H c /(f), W p )q the completion of H c /(f), W p ) with respect to the ideal generated by 
the augmentation ideal C[f)*] + P of C[f)*] Wp . The map x i->- x, w (->• w and y y + y{p) for all 
x € f)* C C[fj], w e W p and y € f) C C[f)*] defines an isomorphism H c /(H / p , f)) p H C /(W" P , f)) . 
Therefore, we will think of the functor e\ : H C (W, t)) b -mod — > H c /(Wp, f)) p -mod as an equivalence 

$ : H C (W, f)) 6 -mod ^> H C ,(VF P , P)) -mod. 

Now consider the generalized Verma module A(p, A). Since rrif, • (1 ® A) = and m b is central, 
A(p, A) is a H c (f), W) b -modu\e. 

Lemma 3.3.8. Let p £ t)* and \ £ \rr(W p ), then $(A(p, A)) ~ A(A). 
Proof. As a H C (V7, \)) b -modu\e, 

1 

A(p, A) = H C (W; « 6 A = e,H c (^ &) 6 e,- Sgg^ A. 

Recall that C[f)*] b acts on A by evaluation at p. Therefore, ej • A = for alH 7^ 1 and 

qif] b x w p = qfvx * w p ® ^0qf? ] b e^ * r^ p 

implies that 

A(p, A) = H c W W t Sg^ ^ A = © e lHc (iy, Wfcei A. 

i=l 

Thus, 



ei • A(p, A) = ei H c (W, f)) 6 e a 8^ Wp A. 
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This implies that $(A(p, A)) ~ A(A). □ 

Theorem 3.3.9. Assume that the fixed point x\ is contained in the smooth locus ofX c /(W p ). Then, 

(1) The center o/H c (f), W) surjects onto -E( p ,a) : = End Hc ([ )i vK)(A(p, A)). 

(2) The algebra E^ x) zs a polynomial ring of dimension dim [). 

(3) A(p, A) is a cyclic E^ p X )-module. 

Proof. Since we can identify 

End Hc ([, iV i/)(A(p>, A)) = Endq c(f) iy) (A(p, A)), 

the theorem follows from Theorem l3.1.3[ Proposition l3.3.6l (2) and Lemma T3.3.8I □ 

Let p G fj*, A G IrrWp and u; G W. Then, clearly A(p,X) ~ A(io(p) ) u;(A)) / where w(A) is 
the representation of W^fp) corresponding to A under the isomorphism w : W p W w u,) of 
conjugation. Therefore, if b is the image of p in f)*/W, then we denote by Slb,A the support of 
the Z c (W)-module A(p, A), thought of as a subscheme of X C (W). Then, Theorem I3.3.9l says that if 
x\ G X c / (W p ) is contained in the smooth locus then S1&A is isomorphic to A n , as a closed subscheme 
of X C (W). For a G \)/W, let Qb,\,a denote the scheme theoretic intersection Qb,x n w^ 1 (a). If 
G X c /(Wp) is contained in the smooth locus then the fact that A(p, A) is a free C^J^-module, 
together with Theorem l3.3.9[ implies that 

Supp A(p,X,a) = Qb,X,a- 

In this case, we have dim Cffi^o] = dim A. 

We could have worked instead with q G f}, a the image of q in f)/W, \i G W q and b G t)*/W. We 
set U a ,ii = SuppV(g, /i) and U a ^ t b = SuppV(g, /u, b). The obvious analogue of Theorem l3.3.9l holds 
in this situation. 

3.4. An equivalence of categories. Let H c (Ty)-mod5 A denote the category of finitely generated 
H C (W) -modules scheme-theoretically supported on \ i.e. those modules M such that I-M = 0, 
where I is the ideal defining Of, a- The category of coherent 0^ b A -modules is denoted Cohffij,^). 
In this section we prove the following theorem: 

Theorem 3.4.1. Ifx\ G X C /(W P ) is contained in the smooth locus, then the functor 

F : H c (W0-mod M -> Coh(0 6)A ), F(M) = Hom Hc{H ^(A(p, A), M), 
z's an equivalence of categories with quasi-inverse N 1-4 G(iV) := A(p, A) ®z c (W) r(^6,A) AT). 

Lemma 3.4.2. Lef e : H c (Vy)-mod -4 Coh(X c (W)) fee the functor M h- eM. 

(1) The functor e is an equivalence if and only ifX c (W) is smooth. 

(2) Ifxx€ X c i(W p ) is contained in the smooth locus, then e defines an equivalence 

e : H c (W)-mod b) \ —> Coh(Q 6iA ). 

Proof. Part 1: this is well-known but we sketch a proof for the readers' convenience. Via the 
Satake isomorphism, [12, Theorem 3.1], we can rephrase the statement as: the (H C (W) , eH c (W)e)- 
bimodule H c (VF)e induces an equivalence H c (VF)-mod — > eH c (W)e-mod if and only if Z C (W) is a 
regular algebra. The double centralizer theorem |fl2l Theorem 1.5] implies that it is sufficient to 
show that H c (iy)e is a progenerator of H c (VF)-mod. Since H c (W)e is a summand of H C (W), it is 
projective. It will generate the category H c (W)-mod if and only if eM 7^ for all M G H c (W)-mod 
if and only if eM 7^ for all simple H c (VF)-modules. The fact that Z C (W) is a regular algebra 
implies that eM 7^ for all simple H C (V4 / ) -modules follows from Ifl2l Theorem 1.7]. Conversely, 
if there exists a simple module M such that eM = then M is not isomorphic to the regular 
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representation as a VF-module. Hence, [12, Theorem 1.7] again implies that the support of M is 
contained in the singular locus of X C (W). 

Part 2: by Lemma 13.1.11 the assumption of part (2) implies that flb,\ C X c (W) sm . Since £lb,\ n 
X c (W) sing = 0, Hilbert's Nullstellensatz implies that I(n b ,\) + I(X c (W) S i ng ) = Z C (W) and we can 
find a characteristic function / G Z C (V7) taking the value 1 at all points of Qb,x arid vanishing on 
X c (W0sing- Replacing H C (VF) by its localization at / and Z C (W) by its localization, we may assume 
that Z C (W) is a regular affine algebra and H C (VF) an Azumaya algebra over Z C (W). Notice also 
that the proof of part (1) still holds after localization. Recall that the centre Z(A) of an abelian 
category A is defined to be the ring of endomorphisms End^(id_4) of the identity functor. For a 
Noetherian /c-algebra A, the centre of yl-mod is canonically isomorphic to the centre of A. The 
equivalence e induces an isomorphism Z(H c (W)-mod) ^> Z(Coh(X c )) such that the composite 

Z(H C (W)) ^ zT(H c (W)-mod) Z(Coh(X c (W))) ^ Z(H C (W)) 

is just the identity map. Let! = I(Qb,\)- We can identify H c (W)-modbA = {M G h\ c (W)-mod \ %m = 
V i G I}, where %u G End Hc ( H /- ) (M) is the endomorphism defined by i G Z(H c (W)-mod). 
Similarly, Coh(ft 6iA ) = {F G Coh(X c (W)) | % T = V i G I}. From this it follows that e : 
H c (W0-mod M ^> Coh(fi 6jA ). □ 

Then, Theorem [3A1] follows from 

Lemma 3.4.3. The Verma module A(p, A) is a pro-generator in H c (W)-modb,\- 

Proof. By Lemma l3.4.2l it suffices to show that eA(p, A) is a projective generators of Coh(ilb A )- But, 

by Theorem l3.3.9[ eA(p, A) is the regular representation as a C[ilb ; A]- m odule. Therefore eA(p, A) ~ 
Ofi b x as sheaves on £lb,\- D 

Remark 3.4.4. Note that A(p, A) is not projective as an object in H c (VF)-mod because the Gelfand- 
Kirillov dimension of A(p, A) is dim f), whereas the Gelfand-Kirillov dimension of H c (W) is 2 dim f). 
If / is t he ide al of Z C (W) defining n b ,\, then set H c (Ty) PiA := H C (W)/{I). One can reinterpret 
Lemma [3.4.31 as saying that H c (Ty) p a is a split Azumaya algebra over fib A/ with splitting bundle 

A(p,A). 

3.5. Lagrangian subvarieties. It is shown in [19. Proposition 4.5] that X C (W) is a symplectic vari- 
ety, see [14] for the definition and properties of symplectic varieties. This implies that the smooth 
locus X c (iy) sm is a symplectic leaf in X C (W) and hence has codimension at least two. 

Definition 3.5.1. A reduced subvariety Y of X C (W) is said to a Lagrangian subvariety if Y s l m n 
X c (W)sm is a non-empty Lagrangian submanifold of X c (W) sm for each irreducible component Y l 
oiY. 

The goal of this subsection is to prove the following proposition. It is a consequence of Gabber's 
Integrability Theorem, [16]. 

Proposition 3.5.2. Let b G i)*/W. Then vr _1 (b) rC( j is a Lagrangian subvariety ofX c (W). 

Let trib be the maximal ideal in Cff)*] 1 ^ corresponding to b. First, we show 

Lemma 3.5.3. Let J he the radical of the ideal generated by rrib in Z C (W). Then, J is involutive i.e. 
{J,J}CJ. 

Proof. It is clear from the definition of the Poisson bracket on Z c ( W) that the ideal generated by m;, 
in Z C (W) is involutive. However, it seems that this does not in general imply that J is involutive. 
Therefore, we need to work a bit harder. Since we have not assumed any smoothness condition 

16 



on X C (W), we are also unable to use results from previous sections. Let pi,...,Pk € f)* be the 
elements in the orbit b. Set 



Let Y = (Supp M) red . Then, I claim that Y = V(J). Since m 6 • M = 0, we have F C V(J). Let x G 
V( J) and choose some simple H c (Vt / ) -module L supported on x. As a C[ff] -module, £ = ®f =1 L Pi , 
where L Pi is supported at pi. Without loss of generality, we may assume that L pi ^ 0. Let A C 
L Pl be an irreducible W Pl -module in the socle of L Pl . Then, there is a non-zero homomorphism 
A(pi, A) — > L. This implies that HorriH c mn(M, L) 7^ and hence xef. 

Now, let C[e] be the dual numbers, so that e 2 = 0. It will be easier to work, via the Satake isomor- 
phism, with the spherical subalgebra eH c (W)e. The usual rational Cherednik algebra H$ jC (W) has 
an additional parameter t, which we have assume throughout is set to zero. Specializing instead 
to t = e, we have a C[e]-algebra eH €)C (W)e such that eH e ^{W)e/eeH €)C {W)e ~ eH c {W)e. Then the 
Poisson structure on eH c (W)e is constructed as in fl6|. We can define A e (p, A) in the obvious way. 
It is a H £iC (W)-module, free over C[e]. This gives us a eH ejC (W)e-module eM e , free over C[e]. This 
freeness implies that condition (1.2) of |fl~6"| is satisfied. Then, the fact that J is involutive is a conse- 
quence of |fl6l Theorem II], together with the fact that the Satake isomorphism is an isomorpshim 
of Poisson algebras. □ 

Proof of Proposition \3.5.2\ Let n = dimfj. The maximal ideal in CfP)] 1 ^ is generated by a regular 
sequence fi,...,f n . By Lemma 12.2.11 (1), they also form a regular sequence in Z C (W). There- 
fore, the fact that the morphism ir is flat, together with [21 , Corollary 9.6 (ii)], implies that each 
irreducible component of vr _1 (b) re d is n-dimensional. Let Y 1 , . . . , Y k be these irreducible com- 
ponents. Let 5 := Yis&s a s e C[f)]; it is a semi-invariant with respect to W. Therefore, there 
exists some k G N such that 5 k G C[f)] w . The sequence fi, - ■ ■ ,f n extends to a regular sequence 
f f n ,5 k in Z C (W). This implies that, for each i, dimY i n V(5 k ) = n - 1 if Y i n V(5 k ) ^ 0. 
In particular, Y t \V(5 k ) 7^ for all i. The Dunkl embedding, as explained in Ifl2l §4], shows that 
H C (VF)[5 _A: ] ~ C[f) X f}* cg ] xi W where f)* eg is the set of points in f)* with trivial VF-stabilizer. Since 
the centre of C[f) x f)* cg ] x W is a regular domain, it follows that y*\F((5 fc ) C X c (H / ) sm . Thus, we 
have shown that Y l n X c (VF) sm is non-empty for all components Y % of 7r _1 (a) re( j. Let J* be the 
ideal defining Y l . It is a minimal prime over the ideal J. By Lemma T3.5.31 J is an involutive ideal. 
Therefore, J % is an involutive ideal, see (9j Lemma 2.1]. Choose some point 1 e F'n X c (PF) sm . 
Then, [8, Proposition 1.5.1] says that T x Y l is a coisotropic subspace of T X X C (W). But dimT x y = n, 
therefore it is actually a Lagrangian subspace as required. □ 

Remark 3.5.4. (1) If X C (W) is a smooth variety, as will be the case for the symmetric group, 
then it is a symplectic manifold and Proposition 13.5.21 shows that vr _1 (&) rC( j is the disjoint 
union of finitely many Lagrangian submanifolds of X C (W). 
(2) An analogous result to Proposition 13.5.2] holds when one considers cu _1 (a) for some a G 



3.6. Batalin-Vilkoviski structures. Let I be the ideal defining the closed subscheme Qb ,x inX c (V4 / ). 
We assume that Qb,\ is smooth so that N^ A := I/I 2 is a locally free Z C (W) //-module. Itis the mod- 
ule of sections of the conormal bundle of Qb,\ i n X C (W). Its dual Nj, a := (I/I 2 ) v is the module 
of sections of the normal bundle of Qb ,x i n X C (W). Let A* = Homc(A, C), an irreducible right W p - 
module. This extends, via evaluation at p, to a right C[fj*] x W p -module and we let A(p, X) op be 
the right H c (W) -module obtained by inducing from A*. 




t)/W. 
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Theorem 3.6.1. Assume that x\ e X C (W P ) is contained in the smooth locus X c (W p ) sm . Then, the algebra 
Tor^ c (A(p, X) op , A(p, A)) admits a canonical structure of a Gestenhaber algebra such that 

Tbr?«(A(p,A) < * A(p,A)) ~ A'N£a (3.6.2) 

as Gestenhaber algebras. 

Moreover, the sheaf Ex.t' Hc (A(p, A), A(p, A)) admits a canonical structure of Gesternhaber module over 
the Gestenhaber algebra Tor^ c (A(p, A) op , A(p, A)) such that 

ExtH c (A(p,A),A(p,A)) ~ A-N M (3.6.3) 

as Gestenhaber modules, compatible in the obvious sense with the identification ( I3.6.2P . 

Proof As in the proof of Lemma |3.4.2j the assumption on x\ implies that there exists an affine 
open subset U of X c (Ty) sm such that Qf, \ C U. It follows from Proposition 13.5.21 that fib ,x is a 
smooth, Lagrangian subvariety of X C (W). Let A = C[U] and B = C[Qb,x]- Then, as explained in 
the appendix, A' A admits the structure of a Gestenhaber algebra and A' N&A is a Gesternhaber 
module over A' A . Theorem 18 . . 71 says that we have isomorphisms 

Toi*(B,B) ~ AX,A> Vxf A (B,B) ~ A'N 6iA 

of Gestenhaber algebras and Gestenhaber modules respectively. Therefore, the theorem follows 
from Lemma [3.4.21 which implies that e • — : H c (VF)|c/-mod — > yl-mod is an equivalence, sending 
A(p, A) to B and that the corresponding result for right H C (VK) ((/-modules also sends A(p, X) op to 
B. 1 □ 

Remark 3.6 A. The key point, hidden in the proof of Theorem l3.6.1[ is that the algebra H C (W) ad- 
mits a canonical algebra deformation, via the parameter t, such that module A(p, A) also deforms 
naturally to a H t c (T^)-module. 

Recall from Theorem HH that the graded character of C[n ,\] is q~ b ^ f x *(q) EKUC 1 ~ 
where d\, . . . , d n are the degrees of (W, f)). Since C[J)o,a] is a polynomial ring, this implies that 
there exists^ integers < e\ < ■ ■ ■ < e n such that 

n n 

q- bx *fx*(q) " ^r 1 = IE 1 " «*)■ ( 3 - 6 - 5 ) 

i=l i=l 



Corollary 3.6.6. We have 

i=l 



Tor^W(A(A)°P, A(A)) = g- & ** /a* (<?) fi V » (3-6-7) 



and 



ExtH c(w) (A(A),A(A)) = g -^ /A .( 9 ) JJ_Z« . (3.6.8) 



8=1 



Proof. We see from the definition of the integers e,- L that the graded character of T Xx fl \ is given 
by E" = i<T e '. The proof of Corollary EES shows that I^XcCW) = T Xx n Qi \ (T^^a) 1 " with 
respect to the symplectic form on X C (W) and we may identify (T Xx fl 0) x) ± = {Tq p x X c (W)) Xx as 
C x -representations. This implies that 

n 

c\(T Qp>x X c (W)) xx = Y,<l ei - 



2 For an arbitrary representation A G lrr(H / ), it is not possible to find integers < e\ < • ■ ■ < e n such that J3.6.5I 
holds. This is related to the fact that x\ is always in the singular locus of X C (W), regardless of the parameter c. 
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Then formula (|3.6.8|> follows from the fact that 

E^ c{w) (A(\),A(X))=C[n ,x}^A-(T npX X c (W)) Xx 

as graded vector spaces, together with the fact that if V is a graded vector space with character 
q m i _)_... _|_ q m k then the bigraded character of A' V is given by (1 + tq mi ) • • • (1 + tq mk ) . The proof 
of formula H3.6.7D is similar. □ 

4. Wilson's Calogero-Moser space 

In this section, we recall some of the basic properties of the Wilson's completion of the Calogero- 
Moser phase space. 

4.1. The Calogero-Moser space. The Calogero-Moser space CM n is a completion of the phase 
space associated to the Calogero-Moser integrable system, which was introduced by Wilson in 
the seminal paper |34l . It is a smooth affine variety of dimension 2n and a symplectic manifold. 
Denote by g the space of all n x n matrices over C and define CM„ c g x g to be the set of all pairs 
(X, Y) such that the rank of [X, Y] + I n equals one, where I n € g is the identity matrix. The group 
PGL n acts on CM„ by simultaneous conjugation, g ■ (X, Y) = (Ad g (X), Ad g (Y)). It is shown in 
|34l Corollary 1.5] that this action is free. 

Definition 4.1.1. The Calogero-Moser space CM n is defined to be the categorical (= geometric) quo- 
tient CM n //P GL n . 

Wilson also gave a slightly different construction of CM n which allows one to replace the group 
PGL n by GL„. Let V be the vectorial representation for GL n and define 

CM n := {(X,Z,v,w) G Q(BQ(BV(BV* \ [X,Z]-vow = -I n }. 

The group GL n acts on g x V by g ■ (X, v) = (Ad g (X),g ■ v). Via the trace form, we identify g* with 
g and T*(g x V) with g x g x V x V*. The induced GL„-action on T*(g x V), is Hamiltonian with 
moment map 

H : T*(g x V) -»■ g, (X, Y; v, w) ^[X,Y]-vo w. 
Then CM„ = fi^ 1 (—/«)• It is shown in |34l Corollary 1.5] that GL„ acts freely on CM n and Propo- 
sition 1.7 of loc. cit. says that the differential dfj, of /x is surjective at all points in CM n . Therefore, 
the categorical quotient /x _1 (—/„)// GL n is a smooth affine variety. Since it is the Hamiltonian 
reduction of T*(g x V), the space /„)// GL n is naturally a symplectic manifold. 

As noted in |34l §1], the projection CM n — > CM n induces an isomorphism yT l (—I n )// GL n ~ 
CM n . 

4.2. C x -fixed points in CM„. There is a C x -action on CM n , defined by a ■ (X, Y) = (a -1 , X, aY). 
In terms of the space CM„, the action is 

a ■ (X, Y; v, w) = {a~ l X, aY; a~ l v , aw). 

The fixed points of this C x -action were classified in |34l §6] and explicit representatives (A, Y; v, w) 
of each fixed point given in [34, Lemma 6.9]. We recall this description here. 

Each fixed point of CM n is naturally labeled by a partition A of n and hence the set of all fixed 
points of CM n is in bijection with the set of all partitions of n. Therefore, for each A h n, we need to 
construct a point € CM n . Firstly, we rewrite our partition A = (Ai, . . . , A&) in Frobenius form. 
This means that A is written as the union of hook partitions (n — r + 1, F'^ 1 ) of decreasing size 
such that when we stack one above the other, the largest at the bottom and smallest at the top, we 
recover the Young diagram of A. An example is given in figure [4721 
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FIGURE 1. The partition (4, 3) in Frobenius form. Here {(ni, r\), (n 2 , r 2 )} equals {(5, 2), (2, 1)}. 

Combinatorially, A is written as an Z -tuple of pairs (nx,ri), . . . , (rii, r{) subject to the restrictions 

ri > rj and rij — rj > rij — rj if i < j. Here J2i n i = n an d 1 ^ r « ^ n i f° r a ^ Given such a pair, 
we have 

X A = (X,Y;v,w) = (®i,jXi > j,®iY i ;Vi,Wj)i ! j =1 ..j 
where Yi is the upper-triangular Jordan block of size rij x rii with eigenvalues 0. The matrix Xn 
has all diagonals zero except the —1 diagonal (i.e. just below the main diagonal) where the entries 
from top left to bottom right reads 

1, 2, . . . - 1; -(nj - ri ), . . . , -2, -1. (4.2.1) 

For i ^ j, Xij is a n 8 x rij matrix with non-zero entries only on the rj — ri — I diagonal. If i > j 
then the non-zero diagonal of Xij has rj entries equal to rii followed by rii — ft entries equal to 
zero. If i < j, the non-zero diagonal of Xi j has rj — 1 entries equal to followed by rij — r j + 1 
entries equal to —rii. Once (X, Y) have been given in this way v, w are uniquely defined by the 
equation [X, Y] + I n = v o w. 

4.3. Consider the map p : CM n — > q given by (X, Y) Z := YX. This induces a map p : CM„ — > 
q/ / GL n ~ C n /S„. In order to clearly state our results about the C x -fixed points in CM n/ we will 
consider points in C™/6 n to be elements in the ring l*[q K \ k G C], the group ring of the additive 
group (C, +). Thus, 

k k 

C n /& n 3 ^ n i K i Y HiqKl S I K e C ]- 

i=\ i=l 

It will become apparent in section [5~4l that this morphism is dominant. 

The Young diagram of a partition A = (Ai, . . . , A&) is the diagram Y(X) := G 1 1 < j < 

fe, 1 < i < Aj } c Z 2 . The content of the box (i , j) is cont(i, j) := i — j. We define the residue of A to 
be the Laurent polynomial Res a(q) = Yin q cont( - h ^- It defines a point in C n /(3 n . 

We wish to calculate the image of the fixed points Xa under p. Write Z = YX = (BijZij, where 
Zij is a matrix of size rii x rij. Then Zi j has non-zero entries only on the rj — ri diagonal. The 
square matrix has entries only on the main diagonal, from top left to bottom right they are 

1, 2, . . . , n - 1; -{rii -ri),...,-2, -1, 0. (4.3.1) 

For i > j, the non-zero diagonal of Zi j has rj — 1 entries equal to n» followed by n» — rj entries 
equal to 0. If i < j then the non-zero diagonal of Zij has rj — 1 entries equal to followed by 
rij — r j + 1 entries equal to —rii. 

Lemma 4.3.2. After row reduction Z can be put in the form Z = (BijZij where Z^ = Zi^for all i and 
Z^j = 0fori> j. 

Proof. The proof is a direct calculation. If the reader really wants to understand the proof we 
recommend they draw a picture to see what's going on. 

Inductively on i, we claim that we can remove the non-zero entries in each row of Z^j, where 
i > j, by taking away some multiple of a certain row above the rows of Zij in such a way that all 
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other blocks remain unchanged. So let us fix i > j and we assume by induction that Zy j> = for 
all i' < i and i' > j'. Write Zi t j = (z a ^) a ,[s, where 1 < a < rii, 1 < (3 < nj. Then, from the above 
description of Z we see that the only non-zero entries z a ^ of Zij are z Qja+rj _ n for a = 1, . . . , r$ — 1 
(recall that i > j implies that rj — rj > 0). Now consider the column of Z containing z a Q+rj _ ri . 
This column intersects the main diagonal of Z in the block Zj j = (z a ,fe)a,b and the diagonal entry 
of Zjj in this column is z a+rj - rija+rj - ri . Since a < r% — 1, we have a + rj — ri < r j — 1 < rij. 
Therefore, (|4.3.1|l implies that z a + r -- riia + rj - ri ^ and we can certainly take away from the row 
of Z containing z a:Ct+rj - rz a multiple of the row of Z containing z a+rj _ rija+rj _ ri such that the new 
value of z a Qi+r ,_ r , is zero. 

I claim that z a+rj _ r ^ a+rj - ri is the only non-zero entry of the (a + rj — rj)th row. If this is the 
case, then it is clear that none of the other blocks of Z are changed under this row operation. The 
induction hypothesis implies that all entries to the left of z a+rj - rija+rj - rz are zero. Since Zjj is 
diagonal, all the entries to the right of z a + rj -. ri)0t + rj - rj in Zjj are also zero. Therefore, any non- 
zero entry of the row would lie in a block Zj^ with k > j. We have — rj < 0. Let Zj^ = {z u ,v)u,v- 
Then, the only non-zero entries of Zj^ are z u>rh _ r . + M for u = rj, . . . ,rij. But the row of Z containing 
z a+r .- rija+rj - n intersects Z j)k in (z a+rj - r ^i, . . . ,z a+r .- riink ). Now 1 < a < r» -1 so a+rj-ri < rj 
which implies z a + rj - r . tV = for all v as claimed. □ 

Proposition 4.3.3. The image of the C x -fixed point e CM n under p equals Res^(g). 

Proof. The argument in the proof of Lemma 14.3.21 still works if we replace Z by tl n — Z where 
t is some indeterminant and we work over the field C(t). Therefore, Lemma [4.3.21 implies that 
det (tl n — Z) = n a ej(* — a ) w here J is the multiset 

i 

|J {l, 2, . . . , n - 1, -(m - n), ...,-2, -l, o}, 

when A in Frobenius form is (rti, n), . . . , (n/, r/). Expressed in terms of the algebra 7L\q K \ k G C], 
this is Resx^q^ 1 ) = Res \t(q). □ 

Remark 4.3.4. The reason for defining the map p is that Proposition l4.3.3l shows that p distingushes 
the C x -fixed points in CM n . If A, p h n and X^, the corresponding fixed points in CM n then 
A = p if and only if p(X.\) = p(X M ). 

4.4. Tangent spaces. In this section we calculate the graded character of the tangent space of CM n 
at the C x -fixed points. As noted in 1341 Proposition 1.7], the differential of p at p = (X, Y; v, w) is 
given by 

d p p(P, Q, a, b) = [X, Q] + [P, Y] - v o b - a o w, 

and this differential is surjective for all p G CM n . Since the action of GL n is free on CM n we have a 
short exact sequence 

o^B^s©8ey®r^ g ^o, (4.4.1) 

where d e i is the differential of the action map GL n — > CH n , g ^ g ■ p, at the identity e € GL n . This 
differential d e i is given by A i-> ([A, X], [A, Y], Av, -wA). 

Let A = (Ai, A2, • • • , Afc) be a partition of n. The Young diagram Y\ of A is the set 

G I? I < j < £(X) -l,0<i<\j- 1}, 
visualized as in (|4.2|) . Let and t be indeterminants and define 

Bx(q,t)= 

(a,b)ey A 

21 



Also for each x G Y\ let a(x) (resp l(x)), the arm of cc (resp. the leg of x), be the number of boxes 
strictly to the right (resp. strictly above) x in Y\. For instance if A = (5,4,3,3) as in (|4.2|) and 
x = (0, 1) then a(x) = 3 and l(x) = 2. The hook length of x is defined to be h(x) = a(x) + l(x) + 1. 
The following combinatorial identity is shown as part of the proof of [31 . Proposition 5.8]. 

Lemma 4.4.2. Let Xbea partition ofn, then 

(q + t-1- qt)B x (q, t)B x (q- x , t' 1 ) + qtB x (q, t) + B a (<T\ t" 1 ) = 

^2 q 1+a( - x H~ l( - x) + q - a ( x h 1+l ( x \ 

Fix a partition A of n and let (X, Y;v,w) be the representative of the corresponding point in 
CM n as described in 14.21 Set % := m + • • • + + and for each a G C x define the matrices 
D = diag (1, a, ... , a n ) and E = ® i a~ Qi I ni . Then it is shown in the proof of [34, Proposition 
6.11] that 

a -1 Ad E D(X) = X, aAd E D(Z) = Z, aED-v = v, w (ED)- 1 ^ 1 = w, VaGC x . 

Therefore, if we define a twisted action of C x on g x g x V x V* by 

q • (A, 5; c, d) = (a -1 Ad BD (A), a Ad^S); aE 1 !) • c, d ■ (ED)' 1 ^ 1 ), 

then (A, Y; v, w) G CM n is a C x -fixed point. One should compare this with the idea of principal 
nilpotent pairs introduced in f\7\ . If we define an action of C x on the other two copies of g by 
a ■ A = A(1ed(A) then the maps d e i and d p p are C x -equivariant. 

Proposition 4.4.3. Let Xbea partition ofn and = (A, Y; v, w) the corresponding fixed point in CM n . 
Then, the graded character of the tangent space o/CM n at Xa is given by 

X cx (Tx A CM n )= J2l Hx) +Q~ h(x) - 
Proof. Since the sequence (|4.4.1|> is exact and the maps C x -equivariant, 

x £X (T XA CM n ) = x cx (0 © e v e v*) - 2 • X £X (0)- 

If W is a finite dimensional C x -module then there is a natural action of C x on Endc(H^) and 
X £X (Endc(WO) = x £X (W; q)x CX (W; g" 1 ). If we take V with the action of C x given by rj ■ v = 
ED ■ v, then the weights of V are just the exponents of entries of the diagonal matrix ED. This 
matrix is the diagonal sum of n« x matrices with diagonal exponents 

Til T% + 1; ■ ■ ■ 1 Vi !• 

If we add one to each of these entries we get the content of the i th strip of p when it is written in 
Frobenius form. Therefore x c>< (V) = q~ 1 Res ^(q), which implies that 

X CX (T Xa CM n ) = (q + q- 1 - 2) • Res • Res ^g" 1 ) + Res M (g) + Res^g" 1 ). (AAA) 

The right hand side of equation (|4.4.4[) is the specialization t (->• g -1 of 

(q + t-1- qfiB^q, t^fa" 1 , t" 1 ) + gtB^g, t) + B^q' 1 ,t~ 1 ). 

Therefore, the proposition follows from Lemma [4.4.21 and the fact that the specialization t h-> g -1 
of 

^ g 1 +°( a: )f-'( a; ) + 

is just ^ g y M g' 1 (*) + q~ h ( x ) . □ 
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4.5. Factorization of the Calogero-Moser space. Let f) be the subalgebra of diagonal matrices in 
0. By Chevalley's isomorphism, we identify g//GL n = f)/<5 n . Let w : CM n — > i)/& n be the map 
that sends the pair (X, Y) onto the C7L n -orbit of X. Similarly let tt : CM n — > t)*/6 n be the map 
that sends (X, Y) to the GL n -orbit of Y. As the reader may notice, we have already used it and 
w in the previous section. Since the isomorphism X c ((5 n ) ~ CM n of Proposition [5]2j] intertwines 
these map, the choice of notation should not cause confusion. For b <E t)*/& n , the reduced fiber 
7r _1 (&) rcc i is denoted CM(b). Write b = Y^l=\ n i^i with 6, G C pairwise distinct and Y^i n i = n - 
If (X,Y) € CM (5), then we can decompose Y = ® i=1 Yi, with Y- L an n» x m matrix with only 
one eigenvalue b^. We get a corresponding decomposition of X = 0f =1 j -X* j and u = 
u; = ]T ■ Wj. It is shown in the proof of |34l Lemma 6.3] that each (X^i, Yi^Vi, wi) defines a point 
in CM (rii ■ bi). Thus, we have a map 

k 

a 6 :CM(6)^fJCM(n i -6 i ). 

i=l 

Lemma 7.1 of EH states: 

Lemma 4.5.1. The map 05 is an isomorphism ofaffine varieties. 

Recall that the C x -fixed points in CM„ are X A , A h n. Define f^ m := {X € CM n | lim^oo X = 
X A }. Then, it is shown in [34, Proposition 6.11] that 

CM(n-O) = |J ft A m (4-5.2) 

Ahn 

If 6 = n ■ b\ for some 61 € C then the map {X,Y) h-> (X, Y + 61 J n ) defines an isomorphism 
CM(n • 0) ~ CM(b) and (|4.5.2|) implies that we get a decomposition of CM (b) into cells f^ m A . In 

general, if b = Yli=i n i^i, then for every multipartition A = (A^, . . . , A^) of n such that A^ h n*, 
define 

ncm — 1/ncm O cm \ 

SZ 6,A — «6 ^6 1( AW x ' ' ' x il b k ,\WJ- 

Then, it follows from Lemma H3j] and (|4.5.2|) that: 

Proposition 4.5.3. The space CM(fo) is a finite disjoint union ofaffine spaces 

CM(b) = l\n^ x 

A 

where the union is over all multipartitions A = (A^, . . . , A^) ofn such that A^ h m. 

5. Rational Cherednik algebras of type A 

In this section we consider rational Cherednik algebras at t = associated to the symmetric 
group & n . Since there is only one conjugacy class of reflections in & n , the parameter c is just a 
scalar c G C. The rational Cherednik algebras for c ^ are all canonically isomorphic, therefore 
we may without loss of generality fix c = —2. The centre of the corresponding rational Cherednik 
algebra is a regular algebra and we can apply the results of section[3l 

5.1. The algebra H c (<5 n , fj). Let yi, . . . , y n be a basis of the ra-dimensional space f) and x\, . . . ,x n a 
basis of t)* such that Xi(yj) = dij. The symmetric group & n acts on f) by permuting the y/s. The 
rational Cherednik algebra H„ := H C= _2(S„, f)) is the C-algebra generated by & n , f) and fj* and 
satisfying the defining relations 

axi = x CT -i(i)Cr, ayi = y a ^a, [x h xj] = [yuVj] =0, V 1 < % / j < n, a £ & n , 
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[yi,Xj] = Sy, [yi,Xi] = - ^2 s *fc' V 1 - * ^ 3 - n - 

k=X,k^i 

Note that C[xx, . . . ,x n ] = C[Fj] and C[yi, . . . ,y n ] = C[rj*]. These relations come from relations 
(|2.1.1|) by taking a Sij = y% — yj and a y s .. = Xi — xj, for all 1 < i ^ j < n. The centre Z(H c (6 n , f))) of 
H n will be written Z n and the corresponding affine variety X n := Spec(Z n ). 



5.2. Relation to Wilson's Calogero-Moser space. Since Z n is a regular algebra, there is a unique 
simple H n -module supported at each closed point of X n . For each such L, denote by xl the corre- 
sponding character of Z n so that 

z-l = xl{z) I, V I € L, z G Z n . 

Thus, the map L i-» xl defines a bijection between lrr(H n ) and the closed points of X n . Each simple 
module L is isomorphic to the regular representation as an (5 n -module. Therefore, if & n -i is the 
subgroup of & n acting on {2, ... , n} then the subspace L 6 ™- 1 is n-dimensional and x\, yx act on 
this subspace. 

Proposition 5.2.1 (QU, Theorem 11.16). The map L h-» (x\ | i e n _ 1 , yi\ L @ n -i ) defines an isomorphism of 
affine varieties ip n : X n CM n . 

Remark 5.2.2. Recall that C x acts on the spaces X n and CM n . The isomorphism tp n is C x -equivariant. 
Recall from section |4~B1 that we have maps it : CM n — > f)*/& n and w : CM n — > f)/6 n . It follows 
from the proof of llTTl Theorem 10.21] that the following diagram commutes 




f)/6 n x r/© 



5.3. Factorization. As was shown in (|3.3|) , one can use completions of the rational Cherednik al- 
gebra to prove a factorization result for the generalized Calogero-Moser space X n . On the other 
hand, as explained in (|4.5|), Wilson has shown that one can also factorize certain closed subvari- 
eties of the classical Calogero-Moser space. In this section we show that these factorizations are 
compatible with the isomorphism of Proposition |5.2.ll 

Fix p e f)* and denote its image in t)* /& n by b = J2i=i n i ' We may assume, without loss of 
generality, that p = (bx, ■ ■ ■ , bx, &2> • • • , &2> ^3> • • • )• The stabilizer of p with respect to 6 n is & p := 
<3 ni x • • • x &n k - The rational Cherednik algebra H p := H c= _2(©p, f}) is isomorphic to a tensor 
product 

H p ~ H ni ®...®H nfc , (5.3.1) 

and hence 

Z(H p )~Z ni ®---®Z nfc . (5.3.2) 
Therefore, Corollary |3.3.7| imp lies that there is an isomorphism of affine varieties 

k 

4> : vr _1 (b) rcd Jj7r _1 (ni • 6j) red , 
i=X 

where 7r _1 (nj • 6j) re d is a closed subvariety in Spec(Z n J. Recall the factorization of Wilson's 
Calogero-Moser space as described in Lemma [4.5.11 
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Theorem 5.3.3. The diagram 



n-Hb) t^ U l i7T -i (ni . bi 



CM (6) -^ntiCM^.^) 

is commutative. 

Before we can give the proof of Theorem 15.3.31 we need to describe the isomorphism in rep- 
resentation theoretic terms. Firstly, since the diagram of the theorem involves isomorphisms be- 
tween affine varieties it suffices to show commutativity on the level of closed points. Recall from 

(|3.3[) that we have the idempotent e\ G C[Fj*] p/ and if L is a simple H n -module whose support is 
contained in 7r _1 (b) then Proposition l3.3.6l says that e\L is an irreducible H p -module. Therefore, cj) 
can be described as the map that takes the character xl of Z n to the character Xe x L of Z m x • • • x Z nk , 
for each simple H n -module L whose support is contained in 7r _1 (6). 

Proof. To avoid any ambiguity, the generators of H p will be denote x\, . . . ,x n ,yi, . . . , y n , as oppose 
to the generators of H n , which are denoted xi,...,x n and yi, . . . , y n . 

Let N be a simple H p -module. Via the isomorphism (|5.3.H> , we write N = Ni <8) • • • <8> N k , where 
Ni is a simple H ni -module. Define 

m(i) = 1 + n r , V 1 < i < k. 

r<i 

Then, the isomorphism Spec(Z(H p )) ~ CM ni x • • • x CM nfc that is induced from the factorization 
in l|5.3.2|) is given on the level of closed points by the map 

N^[(X 1 ,Y 1 ),...,(X k ,Y k )], 
where Xj denotes the action of x m u\ on N^^' 1 and Yi denotes the action of y m (j\ on Nf"^ 1 . Fix 

Wi = & m X • • • X X • • • X 6 nk 

so that, since N is the regular representation as an @ p -module, one can identify ivf™^ 1 = N w \ 

Now let L be a simple H n -module such that mj, ■ L = 0. Then, as explained above, the morphism 
4> can be described as taking xl to Xe x L- Therefore, to prove the commutativity of the diagram, we 
must show that if (X, Y) represent the action of x\ and y\ on L 6 ™- 1 with respect to some basis of 
that space then (X^, Y^) represent the action of x m t{\ , y m u) G H p on {e\L) ' with respect to some 
basis of that space. 

Let b = {p = pi, . . . ,pi} be the orbit of p under & n . Since m6 • L = 0, we can decompose L with 
respect to the action of C[fj] as 

l 

1=1 

Then, the functor e\ sends L to e\^L = L Pl such that xi ■ e\l = &i ■ e±l for all I G L. We can also 
decompose L with respect to the generalized eigenspaces of the action of y±: 

k 

L = QL bi , (5.3.4) 

i=l 
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so that Yi : L®"" 1 -> L®"" 1 and JQj : L,f i™ -1 -»■ ij n-1 . Let us fix an i. Let «j denote the permuta- 
tion in & n that moves the block [m(i), . . . , m(i + 1) — 1] to [1, ... , m] and moves all the entries of 
[1, . . . , n] below m(i) up by n.j. Then, conjugation by m sends W{ into 

Wi = &n t -l x 6 ni X • • • X 6 nfc . 

We have Wj = 6„_i n Stab 6n (uj(p)). Now 

where I{ = = We have u»(p) G Ij and 6 n _i acts transitively on this set. This implies 

that L Ui ( p ) C L\ )i such that multiplication defines an isomorphism 

ind !r iL « 8 ( P )^ L v ( s - 3 - 6 ) 

Hence, we have an explicit isomorphism 



o-es 



n-l 



Recall that we want to compare the action of and on L® n 1 with the action of x m ^ , y m ($) G 
Hp on (eiL) Wi = ». Since Ui(a: m (i)) = x\ and Ui(y m ^) = y\, it suffices to consider the action of 
x ii Vi G Hp on Ui{L^) = ^ u /py Thus, the theorem will follow from the following claim. 

Claim 5.3.7. For all I G L , v we have 

u i\P) 

p{xxl) = X iti p(l), p{y\l) = Y iti p(l). 
Proof. The action of X^i and Y^i on L b n ~ is given by 

Y . r&n-i x i\ j P r i. r&n-i v ■ r 6 "- 1 Vl \ t pr \ r 6 "- 1 
■ H i; > h > Hi ' r M • Hi > h > Hi 

where pr^ is projection onto L® n_1 . Since multiplication by Uj(ei) is projection onto L u .^, (|5.3.6|) 
implies that pr^ can be expressed as multiplication by J2aee„-i a ( u i( e i))- Therefore, 

p{x\l) = p{xi ■ Ui(ei)l) = - — 3_— <t(xi ■ Ui(ei)l) (5.3.8) 

[n — 1 ! ^-^ 



o-ee 



n-l 



= xi-^— V (7(«i(ei)0 (5.3.9) 
(n — 1 ! 

A direct calculation, using the fact that the set {(x(uj(ei)) | a G & n -i} consists of orthogonal 
idempotents, shows that 



(n 



IW £ ^(«i(ei)0 = t^Tv E ^(^( e i)) t^tv E 



a(ui(ei)l). 
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Therefore, we have 

ra = ^ a E 7^3iv E * 
= (^i)i E ^(«i(«o) hi- (^i)T E - 

= pr < (x i p(Z)) = X M -p(Z) 
as required. The proof of p(y\T) = Yi^p{l) is identical. □ 
The statement of the theorem follows from the above claim. □ 

5.4. Degenerate affine Hecke algebra. The fact that the degenerate affine Hecke algebra is a sub- 
algebra of the rational Cherednik algebra of type A is well-known and has been extensively used 
to study the representation theory of rational Cherednik algebras at t = 1 e.g. [7j and [20]. Re- 
cently, Martino [25 1 has shown that this embedding of the degenerate affine Hecke algebra is 
also extremely useful at t = 0. Here, we will use it to gain better control of the isomorphism 
X n CM n . In particular, it will be used to write down the bijection between the C x -fixed points 
in X n and the fixed points in CM n which is induced by the isomorphism ip n : X n ^> CM n . 

Definition 5.4.1. The degenerate affine Hecke algebra H n is the associative algebra generated by 
C[zi, . . . , z n ] and <& n , satisfying the defining relations 

for all i and j 7^ i, i + 1, where Sj := s^+i. 

We note that the defining relations imply that Z{Si = SiZi + \ — 1. Also, as vector spaces, T~L n ~ 
C[zi, . . . , z n ] (g> CS n and the centre of % n is the subalgebra C[z\,. . . , z n ] 6n of symmetric functions 
in the z/s, see |23| . The following lemma is a direct calculation. 

Lemma 5.4.2. The map 

Zj »->• ViXj + ^ Sjj = XjUi - y~] Sjj, V 1 < i < n, (5.4.3) 
and w 1-4- wfor all w G 6 n defines an embedding % n ^ H n such that 

Vj^iJ J > % 

From now on we consider l~L n as a subalgebra of H n . Remarkably, f25l Theorem 3.4] says that 
Proposition 5.4.4. The centre C[z\, . . . , z n ] &n ofH n is contained in Z n . 

The embedding C[z\, . . . , z n ] 6n ^ Z n defines a morphism p : X n — > C n /& n and, as in (|4.3|> , we 
consider the points in C n /6 n as defining elements of Z [q K \ k G C] . 

As in the definition of Verma modules for H n , a standard tool in the study of the representation 
theory of H n is induction from representations of C[z\ , . . . , z n ] . Therefore, for a G C n , define 

M(a) := H n ®c[z u ...,z n ] a, 

where a is considered a character of C[z±, . . . , z n ] via evaluation. The module M(a) is isomorphic 
to the regular representation as an 6 n -module. Let V be the dense, open subset of <C n consisting 
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of all points a = (oj, . . . , a n ) such that aj — aj ^ 0, ±1 for all 1 < i ^ j < n. Then, it is shown in 
Lemma 6.1.2] that M{a) is an irreducible %„-module for all a £ V. 



Lemma 5.4.5. There exists a dense open subset U ofX n such that each irreducible W n -module L, whose 
support is contained in U, is isomorphic to M(a) as a H n -module, for some a eP. In particular, each such 
L is irreducible as a Hn-module. 

Proof. Let U = p^iV) C X n , where V denotes the image of V in C"/6 n . Since V is open in C n /6 n , 
U is open in X n . The PBW theorems for H n and T~L n imply that the morphism p is dominant. 
Therefore, there exists a dense open subset V of C n /6 n such that V C p(X n ). Thus, U' n V / 
implies that U is non-empty and hence dense in X n because X n is irreducible. Let L be a simple Hn- 
module whose support is in U. Choose v G L to be a joint eigenvector for zi, . . . , z n . II a\, . . . ,a n 
are the corresponding eigenvalues of the z/s then a = (a\, . . . , a n ) E V and 1(g) a i— > u defines a non- 
zero "H n -module homomorphism M(a) — >• L. This is an isomorphism because dim M(a) = dim L 
and M(a) is irreducible. □ 

Lemma 5.4.6. Let Lbe a simple W n -module such that L ~ M (a) with a £ C n as a Tin-module. Then the 
eigenvalues of z\ e 7i n on L 6 "- 1 are ai, . . . , a n . 

Proof. Since L is isomorphic to the regular representation as a S n -module, a basis of L 6 ™- 1 is given 
by {eo^i^ (g> a \ I < i < n}, where eo is the trivial idempotent in C6 n _i. The lemma follows from a 
direct calculation which shows that action of z\ on L n ~ 1 with respect to this basis is given by the 
matrix 

I a x -1 ... -1 \ 
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a 2 \ 

: '•. '•■ -1 
\ ... a n J 

Note that si^ = si • • • Sj_2Sj_iSi_2 ■ ■ ■ si <G 6 n . Inductively, one can show that 

i-1 

ZlSl • • • Sj_2Sj-l = Si • • • Si_2Sj_lZi ~ ^ Si ■ Si-l, 

i=i 

where • is used to denote omission. Similarly, 

i-1 

ZjSj_iSj_ 2 ' ' ' Si = S i _iSj_ 2 • • • S\Z\ + ^ ' ' ' % ' ' ' S l- 

j = l 

Therefore, z\s\j, = s^Zi - Y^jZi si • • • Sj • • ■ Si_iSj_ 2 • • • s x . Now, for j < i - 1, 

i-1 

> y Sl • • • Sj • • ■ Si_lSj_2 • • • Sl = + 1), 

i=i 

where (1, i, j + 1) denotes a permutation written in cycle notation, and si • • • ?j_iSj_2 • • • si = 1. 
Hence 

i-2 

zisi.i = si.i^i - 1 - + 1). 

For each i, j, there exists some k such that eo(l, i, j + 1) = eosi^. If we write 

eoS1 '' = (^i)i E 

<x(i) = l 
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then clearly k = j + 1. Thus, ZieoSi,* = e si,i^ - e - ^}=2 e o s i,j = eosi.i^ - E}=i e Q s i,r This 
gives the matrix form of z\ described above. □ 

Proposition 5.4.7. The following diagram is commutative 



X n - CM, 



C n /6 r 





Proof. Since tp n is an isomorphism, it suffices to show that there is a dense open subset U of X n on 
which the diagram is commutative. We take U to be the subset of X n described in Lemma 15.4.51 
Each point in U is labeled by an irreducible H„ -module L such that L ~ M(a) with a G V as a 
% n -module. The point xl labeled by L is sent by i\) n to the pair (X, Y), where X = xi| i s n „ 1 and 

Y = yi| L e n _ 1 . Thus, 

^i| L s n „ 1 = yisci l^e^j = FX = Z. 
By definition (|4.3|), p o ip n {xL) equals the eigenvalues of Z, which by Lemma [5.4.61 are a±, . . . ,a n . 
On the other hand, p(xl) is the joint spectrum of zx, . . . , z n on M(a), which is a%, . . . , a n , because 
C[zi, z n ] 6n is central in H n . □ 

Theorem 5.4.8. The isomorphism ip n : X n —?■ CM n sends the C x -fixed point xl(\) € X n to £//e C x -fixed 
point m CM n . 

Proof. As noted in remark l4.3.4l the map p distinguishes the fixed points. Therefore, by Proposition 
I5A71 it suffices to show that p(xl(\)) = p( x a) G C n /S„. By Proposition |4A3l p(X A ) = Res x t(q). 
To calculate p{xL{\))r we need to calculate how the symmetric polynomials in the variables Zi act 
on L{\). Let £ S n be the longest word and 6« = J2j<i s i,j e CS n the ith Jucys-Murphy 
element. Then, as noted in [25, (5.4)], we have —J2j>i s i,j = —wo@iWo. Therefore, expression 
(|5.4.3|) for the z% together with the arguments given in |25l (5.4)] imply that p(xl(\)) = R es \(l 
which equals Res \t(q). □ 

5.5. Wilson's bispectral involution. There is a natural anti-involution B : H n — > H°n on the ratio- 
nal Cherednik algebra, extending the involution a i-> a -1 on the group algebra C6„. It is defined 
by B(xi) = yi, B(yi) = X{ and B(sjj) = Sij. This allows us to define an auto-equivalence on 
H n -modf.d., the category of finite dimensional H„-modules, 

B : H„-modf. d . ^ H n -mod f . d ., B(M) = M* , 

where M* is the vector space dual and (h • f)(m) = f(B(h) • m) for h G H„, m G M and / 6 M*. 
The anti-involution B restricts to an automorphism of Z n and hence of X n . 

On the other hand, Wilson defined the bispectral involution b on G ad , which in terms of Baker 
functions is given by ipw(z, x) = il>b(W) ( x i z )- As noted in [34, page 4], the bispectral involution on 
CM n is defined by b(X, Y) = (Y l , X 1 ). As one might expect, we have 

Lemma 5.5.1. We have tpn ° B = b o ip n . 

Proof. Let L be a simple H n -module and (X, Y) the matrices representing the action of (xi,y{) on 
L&n-i with respect to some fixed basis. Then, with respect to the dual basis, the action of (yi,xi) 
on (L 6 ™- 1 )* is given by (Y t ,X t ). □ 

Recall (|5.4[) the C x -fixed points ~K\ G CM„. The following observation is contained in [18]. 

Lemma 5.5.2. For all A h n, B(L(A)) = L(X). Thus, B(X A ) = X A . 
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5.6. Fourier transform. The Fourier transform, as introduced in [12, §4], is an automorphism of 
order four F : H n ^4- H n define by 

F(xj) = 2/i, F(yi) = -Xi, F(w)=w, V i G [1, n], w G 6 n . 

We can use F to twist representations of H n . If M is a H n -module then, as a vector space, F M = M 
and the action of H n on F M is defined by h ■ m = F(h)m. 

Lemma 5.6.1. Choose p £ 1)*, g e f), a G tf/W and b e f)* /W ' . 

(1) We We 

F A(p, A) = V(p, A), F A(p, A, a) = V(p, A, -a), 
F V(g, /x) = A(-q, n), F V(g, /x, 6) = A(-g, b). 

(2) Let Xbea partition ofn. Then, F L(X) ~ L(X'). 

Proof. Part (1) follows from the fact that F(C[f)]) = F(C[rj*]) and F acts as the identity on C© n . 

By part (1), F A(0, A, 0) ~ H n <&c[F)] eoe| ™><ie„ ^> where H„ is the restricted rational Cherednik alge- 
bra. As a C[t)*] co6n x 6„-module, F A(0, A, 0) ~ C[ff] co6 " ® A. The socle of this module is det(y)<g>A, 
where det(y) = Y[i<j(Vi ~ Vj)- Since det(y) <8> A ~ A' as an 6 n -module and f) • det(y) <8> A = 0, 
it follows that there exists a non-zero homomorphism A(0, A',0) -t F A(0,A,0). The image of 
this homomorphism is contained in the socle of F A(0, A, 0), therefore it must factor through L(X'), 
the simple head of A(0, A',0). The composition factors of F A(0,A, 0) are all isomorphic (since 
A(0, A, 0) also has this property). Hence all these factors must be L(X'). Applying F to the short 
exact sequence 

-> Ker -> A(0, A, 0) L(A) -> 
shows that F L(A) ~ L(A'). □ 



5.7. Adjoint anti-automorphism. Define the anti-automorphism (— )* : H„ ^> Hn P by x* = — Xi, 

y* = yi and s* • = Sjj. As in (|5.5[), this defines an auto-equivalence 

(-)* : H n -mod f . d . H n -modf.d., (M)* = M*, 

where M* is the vector space dual and (h ■ f)(m) = f(h* ■ m) for h G H n , m G M and / G M*. We 
also have the corresponding automorphism (— )* of X n . Define the automorphism (— )* of CM n by 
(X, Y) (— X 1 , Y l ) and recall from section 1631 that W \-t W* defines an automorphism (— )* of 
G ad . 

Lemma 5.7.1. We have (— )* o ip n = ip n o (— )* and (-)* o f3 n = j3 n o (— )*. 

Proof. The proof of the first statement is completely analogous to the proof of Lemma 15.5.11 The 
second statement is |34l Lemma 7.7]. □ 

Let A = (A^ 1 ), . . . , X^) be a multipartition. The transpose of A is defined componentwise, 

A* = ((A«) t ,...,(A( fc ))'). 

Proposition 5.7.2. Under the adjoint automorphism, 

Proof. By Lemma [5. 7. 1[ we can work either with the rational Cherednik algebra or in the Calogero- 
Moser space. First, we note that one can deduce from the explicit formula for (— )* on CM n , to- 
gether with the factorization construction given by Wilson, section |4~31 that we have 

(ng£)* = "^((fOu)* x • • • x 
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Moreover, for b G C and t b : CM n ^ CM n , t b (X, Y) = (X, Y — bl n ) we have 

Therefore, it suffices to show that (il^ m )* = flT. The automorphism (— )* is also C x -equivariant. 
Hence, it suffices to show that = Xy . For this, we use the fact that (— )* = F o B. Therefore, the 
result follows from Lemmata l5.5.2l and l5.6Tl □ 

6. Grassmannians 

In J34], Wilson constructed an embedding of the Calogero-Moser space into the adelic Grass- 
mannian, a certain infinite dimensional (non-algebraic!) space. This embedding will allow us to 
identify the support of the endomorphism algebra of Verma modules for the rational Cherednik 
algebra with Schubert cells. Defining this embedding requires the use of several auxiliary infi- 
nite dimensional Grassmannians, which we will also require. In order to facilitate the reader in 
keeping track of all these Grassmannians, we list them here with reference to where they are first 
defined in the text. We have 

QAd ~ ^ G ad c ¥ Q ra ^ (2 Q ra ^ 

where 

• G Ad is the Adelic Grassmannian (|6.1.2|) , 

• G ad is the adelic Grassmannian | |6.1.4) . 

• Q iat is the reduced rational Grassmannian (|6.1.1|) , 
and 

• Q rat is the rational Grassmannian ( |6.1.1| ). 

We also have another pair of infinite dimensional Grassmannians, the canonical Grassmannian 
Q£ , defined in (|6.4.3|) , which is contained inside the quasi-exponential Grassmannian QGr, de- 
fined in (I6331) . The Grassmannians G Ad , G ad and Q£ can all be realized as an infinite union of 
finite dimensional spaces 

oo oo oo 

G Ad = □ G Ad , G ad = □ G ad , Q£ = [J QS n , 

n=l n=l n=l 

and we have identifications G Ad ^ G ad £- Q£ which restrict to 

CM n ^ G Ad G ad ^ Q£ n . 

Finally, in section 16.81 we will also consider the relative Grassmanian Q™ x and comment on the 
embedding CM n ^ Q£ n ^ Q™ 1 . 

It is possible to equip most of the above spaces with topologies, making the maps between them 
continuous. Since this fact will not play a role in what we do, it will be easier for us simply to think 
of them as sets. 

At various stages, we will define "Schubert cells" in each Grassmannian. The notation used to 
denote these cells depends on which Grassmannian they sit inside, namely 

n. C X n , C CM n , nf c G ad , Uf c QGr. 

6.1. The adelic Grassmannian. In this section we recall the definition of the Adelic Grassmannian 
G Ad and the adelic Grassmannian G ad . Before we can do this we need to define the rational 
Grassmannian. 

Definition 6.1.1. The rational Grassmannian £ rat is the space of all C-subspaces W of the field C(z) 
such that 

(1) there exist polynomials a(z),b(z) € C[z] such that a(z)" 1 C[z] ^ b(z)C[z]; 
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(2) we have dima(z) 1 C[z]/iy = deg(a). 

The reduced rational Grassmannian Q rat is defined to be the proper subset of £/ rat consisting of those 
spaces W such that one can chose a(z) = b(z) in the above definition. 

The Adelic Grassmannian is defined in a similar manner: For each b G C, let Gr& be the Grass- 
mannian of all subspaces W of C(z) such that 

(1) there exist some k > with (z - b)~ k C[z] ^W^{z- b) k C[z}; 

(2) we have dim(z - b)~ k C[z]/W = k. 
The space C[z] belongs to Gr;, for all b G C. 

Definition 6.1.2. The Adelic Grassmannian is defined to be the restricted product 

G Ad :=nGr b , 

bee 

where {W&}(, e c belongs to G Ad if and only if W& = C[z] for all but finitely many b G C. 

The support of {W&} G G Ad is the finite subset of C consisting of all b such that Wb / C[z]. It 
is clear that each Gr;, is a subspace of Q raX . This can be extended to an embedding of the whole of 
G Ad into £/ rat . For b G C U {oo}, define the symmetric bilinear form {f,g)b = res z =bf(z)g(z)dz on 
C(z). The annihilator of a subspace W of C(z) with respect to this form is written 

Ann b W = {/ G C(z) | (/, g) b = V 5 G VF}. 

The annihilator Aniioo W will be denoted W*. As noted in [34. §2.2], the involution W W* 
preserves each of the subsets Gr b (this not true of the other Ann;, — ). Define the embedding i : 

G Ad^£rat by 

i({W b }) = p| Ann 6 (W 6 *) . (6.1.3) 

feGC 

Definition 6.1.4. The image of the i inside Q v&t is called the adelic Grassmannian and denoted G ad . 

That i is indeed an embedding is shown in l34l Lemma 2.5]. One can check directly that the 
restriction of i to Gib is just the naive inclusion Gr p C <7 rat . Let W G Gr&. Then, by definition, there 
exists some N » such that (z-b) N C[z] c W C {z-b)- N C[z} and dimW/(z-b) N C[z] = N. Thus, 
W/(z - b) N C[z] belongs to Gr N ((z - b)- N C[z]/(z - b) N C[z]). There is a natural stratification of 
Gtn((z — b)~ N C[z]/ (z — b) N C[z]) into Schubert cells (to be recalled below) labelled by all partitions 
that fit into an iV x N box. Then, Wf (z — b) N C[z] will belong to a particular cell, labeled by A say. 
We define the degree of W to be |A|. One can easily check that this definition is independent of the 
choice of N. Moreover, since the degree of C [z] G Gr^ is 0, the definition extends additively to the 
whole of G Ad . Let G Ad be the set of all spaces of degree n and G ad the image of G Ad under i. There 
is another characterization of the space G ad in terms of the r-function, see section 16.61 Namely, 
G ad is the set of all W in G ad such that Tw(ti, 0, 0, . . . ) is a polynomial of degree n. 

The action of C x onC(z) given by a- z = a~ 1 z induces an action of C x on G Ad and Q rat , making 
i equivariant. 

6.2. One of the key results of |34]| is the construction of an embedding of the Calogero-Moser 
space into the adelic Grassmannian. Since this construction is rather technical, we will not recall 
the details, but simply note the features that we will require. 

Theorem 6.2.1 ( |34| , Theorem 1). There is an embedding f} n : CM n — ^ G ad , whose image is G ad . 
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We define Supp : G^ d -> t)*/6 n by 

Supp({I^})=^deg(W 6 )-6, 

bee 

which via i may also be considered as a map G ad — > \f /& n . By [34, Theorem 7.5], the following 
diagram commutes 

CM n P - G ad (6.2.2) 





f)7©„ 

Next we wish to describe a partition of G ad into Schubert cells. We begin by considering the 
spaces W G Gr C G ad i.e. those spaces W G G ad such that Supp(W) = deg(VF) -0. If W € Gr 
then there exists an integer k such that z _fe C[z] D W D z C[z]. Therefore, we can chose a basis 

j=Si + l J 

of W such that S{ = i for i » 0. As in |32, §3], a basis {u>i}iGN of is said to be admissible if 
Wi = z l for % S> 0. The set (|6.2.3|) is an admissible basis. If we associate to each w. u the degree Sj of 
the trailing term of Wi, then we get a set S\y = {so, si, . . . }. The set 5 satisfies s, = z for i » and 
each such set corresponds to a partition A, defined by Aj = i — Sj so that Ao > Ai > . . . and Aj = 
for i ^> 0. The C x -fixed points in Gro of the action defined in section 1631 are 

W x = Span {z s \se S} 

where S is the set corresponding to A. Then, 

Gr = U nf 

ASP 

where ft^ = {W G Gro | lim Q _>. 00 a ■ W = W\} is a Schubert cell in Gro- It is the set of all spaces 
W such that Syy = A. 

For b € C, let t& : C(z) — > C(z) be the automorphism z h-> z — 6. Then, i& defines an isomorphism 
Gr Gr fe and we set ft ad A = i 6 (Of ). Now let 6 = £j =1 "A G &7©n and A = (A^, . . . , A^) a 
multipartition of n such that AW h rij. We define 

= { WI WJgIKaw}- 

Lemma 6.2.4. For eac/j b G C n /& n and A multipartition of type b, we have Pn(^\) = ^^a- 

Proof. The diagram (|6X2)| implies that it suffices to show that /3 n (fi^ m ) = nf. Since /3 n is C x - 
equivariant and both f2 A m and SI A d are defined to be attracting sets for the C x -action, it suffices to 
show that j3 n (X.\) = W\. This is shown in |34l Proposition 6.13]. □ 

6.3. Quasi-exponentials. Recall from the introduction that Q denotes the space of all functions of 
the form Ya=i ebiX 9i( x )> where 6j G C and g%(x) G C[x}. We think of the space Q as being a space 
of linear functionals on the vector space C [z] via the pairing 

(e b *g(x),f(z)) = e bd g(d) ■ f(z)\ z=0 , (6.3.1) 
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where, formally, e ■ z n = (z + b) n . The pairing (— , — } satisfies (x • c, /) = (c, d z f) and (d x • c, /) = 
(c, z/). There is also a C x -action on Q given by a ■ x = ax. The pairing (— , — } is C x -invariant. 

Definition 6.3.2. A finite dimensional subspace C of Q is said to be a space of quasi-exponentials. A 
quasi-exponential / G Q is said to be homogeneous if / = e bx g(x) for some 6 G C and g(x) € C[x]. 
A space of quasi-exponentials C is said to be homogeneous if 

bee 

where C\, consists entirely of homogeneous quasi-exponentials of the form e bx g(x) for some b G C 
and g(x) G C[x]. 

Definition 6.3.3. The set of all homogeneous spaces of quasi-exponentials is called the quasi- 
exponential Grassmannian and denoted QGr. 

We have QGr = U^Lo 2Gr n , where QGr„ is the set of all homogeneous spaces of quasi- 
exponentials of dimension n. We define Supp : QGr n — > C n / & n by Supp(C) = Yli=i n i ' 
if C = i=1 Cf,. with dimC^ = n,. As shown in |33l Proposition 4.6], the spaces of quasi- 
exponentials are related to the rational Grassmannian as follows. For C C Q, define 

V C := {feC[z]\(g,f) = Q,VgeC}. 

Lemma 6.3.4. The subspace W C C(z) belongs to Q Tat if and only if there exists a finite dimensional 
subspace C C Q and polynomial q with deg(g) = dim. C such that W = q~ 1 Vc- 

Proof. Fix C C Q with dimC < oo and q G C[z] such that degq = dimC. Then there exist 
b\, . . . , b n G C and r\, . . . , r n G N such that C C Span {e biX x Tl }. The polynomial 

n 

h = - b t p +i 
i=i 

has the property that (e blX x Ti ,hf) = for all 1 < i < n and all / G C[z]. Therefore, the ideal h C[z] 
is contained in Vc and hence hq C [z] C Vc as well. Thus, 

h C[z) = (hq)q- 1 C[z] C q- l V c C q' 1( C[z\, 

which implies that q^Vc G G Ta,t ■ To prove the converse, we note that if u = \\? l= i{z — bi) 0,1 then 

C u = {9 G Q | (g, uf) = V/ G C[z}} = Span {e(a 4 - 1, A,)}. 

In particular, dim C u = deg u. The pairing (— , — } identifies C u = (C[z]/(u))*. Given pC[z] C W C 
g _1 C[z], we have pq£[z] c qW C C[z]. Set u = pq and let C = \ (jM, f)= V/ G gVF}. Then, the 
identification C u ~ (C[z]/(n))* induces an isomorphism Gvk(C u ) ^ Gidegu-k(C[z]/ (u)), under 
which qW = Vc- Since codim C [ 2 ] (qW) = degq, we have 

dimC = dim(qW) 1 - = codim c[z y ( u) (qW) = codim C [ z ] (qW) = degq. 

□ 

If C G QGr is a homogeneous space of quasi-exponentials then define 

qc(z)= n (z-br 
feeSupp(C) 

where n& = dimC^. Then deg(qc) = dimC and, by Lemma [6.3.41 q^Vc is a point in Q xaX . Write 
7 : QGr -> ^ rat for the map C h-> g^ 1 Vc- As explained in [33, §6], 

Proposition 6.3.5. The image of the map 7 equals G ad . 
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Unfortunately, as noted in [33, §6], the set of all homogeneous spaces of quasi-exponentials does 
not map bijectively onto G ad . 

6.4. Canonical spaces. For each W G G ad , there is a canonical choice of a space C in the fiber 
7 _1 (W). This choice allows us to define a subset of QGr such that the restriction of 7 to this subset 
is a bijection. 

Definition 6.4.1. Let C C Q be a homogeneous space of quasi-exponentials and fix a homoge- 
neous basis e bix gi(x), . . . , e bnX g n (x) of C. The Wronskian of C is defined to be 

Wr c (x) := det !^!< '^i.r; ! • e "£"=i^. (6.4.2) 

The Wronskian is (up to a scalar) independent of the choice of basis and is a polynomial in x. 
The degree of C is defined to be deg(C) := deg(Wrc) and the space C is said to be canonical if 
dimC = deg(C). 

Definition 6.4.3. The canonical Grassmannian is defined to be the set of all canonical, homogeneous 
spaces of quasi-exponentials. It is denoted Q£. 

We first show that there is a unique canonical space in ^~ l (W) for all W G Gro C G ad . Recall 
from section that we have a partition of Gro into Schubert cells £lf . Let W G fi^ e and define 
S = {s ,si,.. . , } as in $53$. We can multiply W by z N for some N > -s = A so that z^VF C C[z] 
and then take the annihilator C of this space in Q. 

Lemma 6.4.4. Let W G Gro be of degree n and let r be the smallest positive integer such that z r W C C[z\. 
For each N > r set Cn = Anng z N W. Then, C n is the unique canonical space of quasi-exponentials in the 
set {C N I N > r}. 

Proof. Let A be a partition of n and assume that W G fi^ c . Then, r = Xq. For any N > Xq, the 
space Cat is homogeneous because z d C[z] c z N W for some d implies that Cn consists entirely 
of polynomials in x. We claim that degWrc JV (x) = n for all N > Xq. By definition, this claim 
is equivalent to the statement of the lemma. Therefore, we will give a proof of the claim. Let 
ft = Si + N so that 

n+i—l 
z Ti + a *d zj 

j=di+l 

is a basis for z N W. We claim that the number of elements in No\(<S + ./V) is N. To see this, consider 
the set S + N as a collection of beads on N. Moving all beads as far right as possible gives us the 
set N + N. In doing so this the number of gaps does not change. Then, the claim follows from the 
obvious fact that \N\{N + N)| = N. Write {e < e\ < ■ ■ ■ < e N -!} for N\(5 + N). Then, C N has a 
basis given by 

ej— 1 
j¥=e k , Vfc 

Here, x is the linear functional such that (x k , f) = ^d k (f)\ z= o so that (x k , z l ) = 5kj. Recall that we 
have chosen d > such that z d C[z] c z N W. The degree of the Wronskian of C N is YaJq 1 h 
1 — i)]. We need to calculate this number. First, note that {0, 1, . . . , N + d — 1} = {ro, . . . , r^_i} U 
{e , • • • ,e N -i} so that 

N+d-l d-l N-1 

i=0 j=0 i=0 
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Hence 

d-l N-l 



(N + d)(N + d-l) _^ ri= Y^ 6i7 



(N + d){N + d-l) 



j=0 i=0 

equivalently, 

'd-i \ (d-l \ N-l 

j=0 J \j=0 J i=0 

Thus, JV (-^~ 1 ) + n = X^ilo 1 e * wn i cn implies that X^Lo* e * ~~ (N ~ = n as claimed. In fact, one can 
see that making iV larger just makes the tail x 1 , x 2 , . . . } of the basis of Cat longer and doesn't 
affect the Wronskian. □ 

Using the fact that d^e bx g(x) = e bx (d x + b) k g{x), one can check that the same argument applies 
to any space W G Gx b . That is, if W G f^ e A where A h n, then Anng(z — b) n W is the unique 

canonical space in the fiber 7 _1 (W). Therefore, we define rj : G Ad -> Q5 by 

rj({W 6 }) = 0Ann Q Uz - b) dc ^W b 

6GC 

The map r\ is a bijection. 
Proposition 6.4.5. T/ze diagram 

G Ad Qf 

T 

zs commutative. 

Proof. Let W = {W&} G G ad with r/({W b }) = 0b<=s U pp(iy) ^b- The commutativity of the diagram is 
the statement 



JJ (z- b)^ I Ann CH ( C b I = f| Ann 6 (W 6 *). 

vbeSupp(w) / \&eSupp(W) / bee 

Since Ann c ^](Cb) = (z — b) nb W b , we must show that 

n (z- brw b = ( n (* - ) n ^m). 

6gSu PP (vk) \beSu P p(H/) / foec 

Since (z — b) nb W b C C[z] for all 6 G Supp(W), we may rewrite the above as 

&y*W 6 = ( l[(z - br) P| Ann 6 (W 6 *), (6.4.6) 

where n.& = for b not in the support of W. Let LHS refer to the left hand side of equation (|6.4.6|) 
and RHS to the right hand side of (|6.4.6|) . We first show that the LHS is contained in the RHS. For 
all b G C, we have W b C Ann 6 (W 6 *). In fact, by [31 Lemma 2.5], W 6 is the subspace of Ann 6 (W ft *) 
consisting of all functions whose only pole is at b. Let / belong to the LHS. Then / G (z — b) nb W b 
and hence (z - b)~ nb f G knn b (W b *) for all b. If we take any function g G Ann b (W 6 *) and h G C(z) 
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such that h has no pole at b, then gh G Ann&(W 6 *). This implies that (ELec^ ~~ a ) ™ a )/ G Ann b (Vl / b *). 
Hence, 

( - a)-A f G p| Ann,(^) => / G ( [J^ " ^ ) H ^W)- 

VaGC / fcec Wc / 6gc 

Thus, LHS is contained in RHS. 

Now assume that / G f] beC Ann 6 (W b *). Then, I n<*ec(.z - a) n<l ) / belongs to Ann 6 (W 6 *) and has 



no poles other than at b. Therefore, Il34l Lemma 2.5] implies that I n<«ec(2 — a) n " ) / belongs to 
W b . Hence, 

(l[(z-a) n ° j /G (z-b) n »W b , V6GC [J] (z - o) n ° j / G f] (z - b) n »W b . 

VaeC / VaGC / beC 

Thus, RHS is contained in LHS. □ 

Proposition 16.4.51 implies that there is a well-defined bijection 77 o i^ 1 ; G ad — > Q£. We will also 
denote this map by 77. 

6.5. Schubert Cells. We recall the standard definition of Schubert cells in Gr n (C[x]2 n ) C Q£, 
where C[x]2n denote the space of all polynomials in C[x] of degree less than 2n, as given in HTBl 
page 147]. Let 

J={0 = J CJiC"'CJ 2 « = C[x] 2n } 
be a complete flag in C[x]2 n - Then, given a partition A = (Ao, • • • , A n _i) with at most n parts such 
that Ao < n, the Schubert cell f^C? 7 ) C Gr n (C[x]2 n ) is given by 

A (J*) = {V G Gr n (C[x] 2n ) I dim(V n F k ) = i for n + i - Aj_i < k < n + i - Aj 

and all < i < n}, 

where the condition for i = is dim(V PI F n ^\ ) = 0. Then, dimf^-T 7 ) = n 2 — |A|. The flag at 
infinity is 

7"(oo) = {0 C C[x]i C C[x] 2 C • • • C C[x] 2 „}. 

A partition A with at most n parts such that Ao < n is precisely the same as a partition that fits 
into an n x n square. The compliment of A in this square is the rotation by it of another partition, 
denoted A. It is the unique partition such that Aj + \ n -i~i = n for all i = 0, 1, . . . , n — 1. For each 
partition A of n, we define := r2j(J-"(oo)). It is n-dimensional. The C x -fixed point in S7^ e has 
basis {x di I % = 0, . . . , n — 1}, where dj = n + Aj — (i + 1). 

Lemma 6.5.1. Let Xbea partition ofn, then r/(O ad ) = £lT t . 

Proof. The proof of Lemma 16.4.41 shows that the map 77 : W i-> Anng(2 n W) sends the Schubert cell 
Qp~ to the set U\ consisting of all spaces in Gr n (C[x]2 n ) C Q£ with basis 



e»— 1 



x e < 



3=0 



Note that dimf7 A = T,i=oi e i ~i) = n. UV E Gr^Cfx^n) has a basis as in d63~2l then dim(V n 
C[x]fc) = #{7 I &i < i}, which equals j say if and only if ej-i < k < ej. Therefore U\ = Q.-p{F(oo)) 
where ~p is the partition given by ej = n+j—JIj. Equivalently, e n _j_i = 2n—(j + l)—~p n _j_ 1 . Since 
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/I is defined by fj,j + /!„_,•_! = n, we see that e n _,_i = n + fij — (j + 1). Thus, from the definition 
of {rj} and {e^} given in the proof of Lemma [6.4.41 it follows that \i is the (unique) partition of n 
such that 

{0, 1, . . . , 2n - 1} = {n + i - A; | < i < n - 1} U {n + fij - (j + 1) [ < i < n - 1}. 

One can deduce that this implies that \i = A* from the fact that Z = S\ U — S^t, which is easily 
checked. □ 

We fix coordinates on the Schubert cell Q,^ by fixing basis 

fi(x) = x Sl + a^z ei ~ l H h ai,o, V % = 0, 1, . . . , n - 1 

where ej = n + A; — (i + 1) and ajj = if ej — j € {ej+i, . . . , e n _i}, for each C € O^ 6 . Then, C[$7^ e ] is 
a polynomial ring in the a^j. Let 6 = Ya=i n &i G f)*/@n an d A = (A^, . . . , A^) a multipartition 
of n such that A^ h n^. Inside QGr we have the product of Grassmannians 

Gr 6 (QGr) = Gr ni (e hx C[x] 2ni ) x • • • x Gr nft (e bkX C[x} 2 ^ 



As usual, we define njJ A to be the product A(1) x • • • x n£ e x(k) in Gr 6 (QGr). The set Gr b (QGr) 
has a natural scheme structure, such that fi^x is a locally closed subvariety. Moreover, 

Gr b (QGr) n Q£ = [_\ Sl% x . 

6.6. The r function. The rational Grassmannian is a subspace of Sato's Grassmannian and there- 
fore plays an important role in the study of the Kadomtsev-Petviashvili (KP) hierarchy. It also 
means that, via the Boson-Fermion correspondence, we can associate to each W G £/ rat its r- 
function, which is a rational function in the infinitely many variableg^ii, t 2 , t 3 , . . . 

Tw(h,h,ts, ■ ■ ■ ) G C(£i,f 2 ,i3, . . .)• 

See 1 26 1 for the definition of Tyy- A more geometric definition of the T-function in terms of a non- 
vanishing section of the dual of the determinant line bundle on £/ rat is given in (32). One can 
also define r-functions on the Calogero-Moser space CM n and on the set of all spaces of quasi- 
exponentials in Q as follows. Let (X, Y) € CM n and define 

00 

T {XtY) (h,t2,t 3 ,...) = det(X + J2it i (-Y) i ~ 1 )- (6-6.1) 

i=l 

As shown in section 3.8 of |34], we have Vx,Y) = T p n (x,Y)- 

Let C be a space of quasi-exponential and fix a basis {ci, . . . , c n } of this space. Define 



T%(h,t 2 ,t 3 ,...) = det ((a, z j G{z)) 



' i,j=l...n ' 



where (— , — } is the pairing (|6.3.1|) and G(z) := exp (^£1 Assume that Supp C = Y2j=i n jbj 
and define 

(k / 00 \ n A 
II ex P^-^ 6 i^J j T c(h,h,...). 

Lemma 6.6.2. For all C = rj(W) in Q£, we have tw = tc a nd 

Wt c (x)=t c (x,0,...). (6.6.3) 



'Often, in the literature, one sets x = ti. 
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Proof. As shown in |33l (5.7)], if SuppC = n ■ then rw = t%, which obviously is the same as tc- 
The general formula will follow from |32l Lemma 3.8], for which we need to use the language of 
symmetric functions. Let A be the ring of symmetric functions and denote by pi, resp. hi, e^, the 
ith power, resp. complete symmetric and elementary symmetric, function in A. If we proclaim 
(see |32l Proposition 8.2]) that 



oo 



G(z)- 1 = l + ^hiz* :=H(z), 

8=1 

then this forces — iti = pi, which is a consequence of the identity 

oo _. oo \ / OO -. \ -. 

E j TV - n«p E M = n <r^ = m- 

K i=l j=l ) j>l \i=l J j>l y 3 I 

Then, G(z) equals Y\j>i e*P (- TZi tM*) = where 

oo 

£?(ar) = l + 5^e i 2 < = JJ(l + t i 2) 



exp 



i=l i>l 

is the generating function for the elementary symmetric functions. Set g := G{z) and let 

k 

1(1-6^-1)' 



If we define / and fbyg = exp(/) and 5 = exp(/), then 

00 /, > 00 

/ = E^-. /=-EfA 

4 = 1 4 = 1 

where pj(6) = Pi(£»i, , 61, 62, — , 62, &3, — , 0, — , ) with bj occurring nj times. Then, 

" Pi(b) 



S(f,f):=^- [ f'(z)f(z)dz = J2- 
2m J s i ^ 1 



-Pi 



Lemma 3.8 of 1132 II says that, after making the substitution —iti = Pit we have tq = exp(S(f, /))tq. 
Since 

(00 \ k / 00 \ n j 

-^2pi(b)u = Yl ex p - Yl tyt* 
i=i J 3=1 V i=i J 

the claim T\y = tq follows. 

Recall the definition of Wrc(x) as given in (|6.4.2[) . If one makes the substitution t\ = x, t% = 
*3 = • • • = into tq then the equality (|6.6.3|l is evident. □ 



It would be interesting to have a representation-theoretic interpretation of the r-function for the 
rational Cherednik algebra. 
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6.7. Let W G Gro and fix some admissible basis {it>i}ieN of W. The admissible basis may be 
thought of as a Z x N matrix, where the columns are the vectors Wi. Then, W G Gr n (z~ n C [z] / z n C [z] ) 
if Wi = z 1 ^ 1 for all i > n. The corresponding matrix has the form 





U • • • i 




n 
U 






1Vn,—n I 





















• • • W n . n -i | 












i 









o ••• ! 

















1 



For each A = S G V, the determinant w x := w s = det(wij)i^s,j€N is well-defined. Also, if any 
Sk > n for k < n then w s = 0, since the fcth column of (wij)i£s,jeN is tne zero vector. Therefore, 
we may assume that {so, . . . , s ra ~i} is a subset of the interval [— n, n — 1]. Thus, there are ( 2 ^) such 
5. Since these determinants depend, up to a scalar, on a choice of admissible basis, this means that 

we have defined a map Gi n {z- n C[z]/z n C[z]) -> pdT)- 1 . This is nothing but the classical Pliicker 

embedding. In terms of partitions, each coordinate of » is labelled by a partition of length at 
most n such that Xo < n i.e. all partitions that fit into a square of length n. The Pliicker embedding 
is C x -equivariant and the fixed points x\ of the C x -action on Gi n (z~ n C[z]/ z n C[z]) are mapped to 
the points w x = 1 and w u = for all is ^ \. 

If, as in the proof of Lemma 16.6.21 we make the substitution —iti = pi, where p, is the ith 
power polynomial in the ring A of symmetric functions, then the r-function belongs to A. By 1(321 
Proposition 8.2], the expanssion of r in terms of Schur polynomials 

rw = ^2 wXsx 

has coefficients given by the determinants w x . Therefore, if W G Gr n (z~ n C[z]/z n C[z]), then tw = 

The map rj : G ad — > QS restricts to an isomorphism Gr n (z~ n C[z]/ z n C[z]) Gr n (C[x]2n)/ 
which sends V to (z n V) ± . Thus, it is clearly an isomorphism of varieties. If C G Gr n (C[x]2 n )/ then 
tc = Ylxen c As A/ where each c A is a homogeneous function on Gr n (C[x]2n) which once again just 
defines the usual Pliicker embedding. 

Theorem 6.7.1. The map r/ o (3 n ; CM n — >• c QGr restricts to an isomorphism of algebraic varieties 
n b m x - n T,\* c Gr b(2 Gr )- 

Proof. Since both 77 and /3 n behave well with respect to factorization, by diagram (|6.2.2|) and Propo- 
sition |6A5l it suffices to show that t] o (3 n : CM n — > Q£ restricts to an isomorphism of algebraic 
varieties Sl^ m ~ S7^t C Gr n .o(C[x]2 n )- We expand 
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where each h(X,Y) G C[CM n ]. Define C[nf t ] ^ C[0^] by d*(a itj ) = f^(X,Y). That this is 
well-defined and that it is an isomorphism both follow from the fact that the pair of spaces 
and Q c ™ are reduced and that the r-function distinguishes closed points of both spaces. □ 

6.8. As noted in p3|, one can interperate Wilson's embedding j3 n as an embedding of CM„ into 

g™ 1 ■= {(J, W)\I < C[z] with dimC[z]/J = n and W C C[z]/I 2 an n-dimensional subspace.}, 

the relative Grassmaniann. Since both CM n and £?^ cl are quasi-projective varieties, it is natural to 
expect that Wilson's embedding is a morphism of varieties. In this subsection we suggest one 
way that one might hope to show this. Projection onto / defines a proper map Q^f — > A^ n ) = 
Hilb n (C). Let E be the rank 2n vector bundle on A^, whose fiber over / is C[z]/I 2 . Recall, p2l 
Example 2.2.3], that the relative Grassmanian is the space that represents the contravariant functor 
F : Sch A („) — > Sets, from the category of schemes over A^ n ) to sets defined by 

F(X) = {<j):CE -»F\F flat of rank n }/ ~ . 

where £ : X -> A^. 

We denote by R the coordinate ring of CM n . Recall that it : CM n f)*/ 6 ™- Let £ = vr*^ be 
the vector bundle of rank 2n on CM n induced by E. Since CM n is affine, we consider instead the 
corresponding projective -R-module of section, which we will also denote by £. Since £ is the 
pull-back of a projective C[A( n )] -module, it is actually a free ii-module. Explicitly, 

£ = R[z]/(det(z -Yf). 

Associated to each space W G G ad is the Baker function ipw(z, x )> see |33| and (34|. Just as for 
the r-function, the Baker function distinguishes points in that ipwi(z,%) = V^l- 2 ^) X<L an d only 
if Wi = W 2 . If Supp(V^) = Y!l=i n ibi, then define V w (z) = \[ k i=l (z - bi) n \ The regular Baker 
function ipw{ z , %) is defined to be ^wi^^w (z, x). We define the polynomial Baker function to be 

(z,x) = Wr w (x) ■ tpw(z,x) = &w(z) ■ Wr w (x) ■ ^ w (z,x). 

It is known, e.g. as a consequence of 1331 Proposition 6.5], that ^^\z,x) = g(z,x)e zx , where 
g(z, x) is a polynomial of degree deg(M^) in both z and x. The following lemma follows from the 
description of ipw given in section 4 of (33| . 

Lemma 6.8.1. Let W G G ad and C = r](W) G Q£. Then, 

m w ( z )W = Span {(d^\z,x))\ x=0 for all k G N} = C ± . 

For each (X,Y) G CM n , consider the element ^ y) = e x *det((X-x)(Y-z)-l) G fl®C[[x, «]]. 
Let /C be the i?-submodule of £ generated by 

<9 ^p o1 d 1 ^ ' d 2 ib? o] 
u xY\ x =W u x'r\ x= ( y u xY\ x =oi • • ■ 

Then, we define J" to be the quotient £/JC. 

Conjecture 6.8.2. The quotient £ -» F is a vector bundle of rank n on CM n , inducing a locally 
closed embedding f} n : CM n ->• ££ el . 

Remark 6.8.3. The definition of CM n as a G.I.T quotient implies that there is a "tautological" rank 
n bundle on the space. It is unclear to the author how this tautological bundle is related to F. 
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Expanding, ^ (z, x)e zx = Yn,j=o a ij z%x ^> we wri te 

n 

i,j=0 

Lemma 6.8.4. Let W G G ad . Then, C = r](W) G Q£ is the space of all holomorphic solutions of the 
differential equation Dw- 

Proof By LemmaEHl V w (z)W = C ± , which equals Span {{d%ip$(z, x))\ x=0 \ k = 0, 1, . . . }. We 
apply the easy identity (d x x J e xz )\ x= o = di(z k ). Thus, c G C if and only if 

(c, (d%ip w (z,x))\ x=0 ) = /c, a iJ z \ d x(x j )e zx )\ x=0 \ 

\ i,j=0 I 
= L f2 a h ^di(z k )\ = /j2 fHjJSicA = 

\ i,j=0 I \i,j=0 I 

for all k G N. This implies that Y17j=o a i,j x ^d x c = 0. Since the dimension of C is n, C contains all 
solutions of the differential equation Dw ■ □ 

7. Schubert Calculus 

7.1. Schubert Cells. In this subsection, we give a proof of Theorem 11.2.11 We define u n : X„ — > 
QGr to be the composition rj o /3 n o so that v n identifies X n with its image Q£ n in QGr. Recall 
that Theorem [L2J] claims that v n restricts to an isomorphism of algebraic varieties 

v n : ^6,A nf xt C Gr 5 (QGr). 

This statement will follow from Theorem |6.7.11 if we can show that rp n (^b,\) = ^bX- Theorem 
15.3.31 ij) n is compatible with factorizations. Therefore, it suffices to show that t/) n (Q\) = f2^ m for 
A a partition of n. Both Q\ and r2^ m are attracking sets for the C x -action. Therefore, since i/j n is 
C x -equivariant, it suffices to show that ip n {x\) = X^. This is precisely the statement of Theorem 
15.4.81 which completes the proof of Theorem ll.2.11 

Let N = n 2 — 1. The Wronskian, definition l6.4.1t may be considered as a map Wr : Gr n (C[x]2n) — > 
P N , where 

Wt(W) = [co : • • • : cat] if Wr^(x) = cnx n H h cix + c . 

If g = (gi , . . . , g n ) G f), then its image in f)/6„ is a = (oi, . . . , a n ) where 

n 

Y\(x - qi) = x n + a n x n ~ l H h a x . 

i=i 

We embed f) /©„ into P^, as a locally closed subvariety by 

(ai,a 2 , . . . ,a n ) (->■ [ai : a 2 : • • • : a n : 1 : : • • • : 0]. (7.1.1) 
Proposition 7.1.2. The map v n : X n — > Q£ n restricts to an isomorphism of schemes 

fio,A,a^Wr- 1 (-a)nfi* , ) 



where the right hand side is the scheme theoretic interesection in Gr n (C[x]2n)- 
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Proof. By Theorem ll.2.1[ v n restricts to an isomorphism of algebraic varieties Q\ ~ r^ c . By remark 
15.2.21 it suffices to consider CM n . As a locally closed embedding, j3 n : Q,™ Gro(C[x]2 n ) was 
given by the polynomial coefficents of the r-function. Therefore, it suffices to show that 

fi™ - > nf (7.1.3) 

Wr 

f)/e n — ty&n 

commutes, as morphisms of schemes. For all (X,Y) in CM n , we have det(X + ^°^ 1 iti(— Y) 1 ^ 1 ) = 
Tpn(X,Y)( h, ■■■) , see (|6.6.1|>. Setting t 2 = t 3 = ■ ■ ■ = gives det(X + ti) = r^ n( x,y) (*i,0, ... ). 
Equation jb.b.3) says that Wr^^.yj^i) = T MXjY )(ti,0, ...). Thus, det(X + t{) = Wi MX ,Y )(h)- 
Since w(X, Y) is defined to be the coefficients of the polynomial det(ti — X), the diagram 17.1.31 
commutes. □ 

Remark 7.1.4. We have defined the Wronskian for any homogeneous space of quasi-exponentials. 
The proof of Proposition ^. 1 .21 shows that, as sets, we have 

for all a G f}/6 n , 6 G f)*/6 n , and A a multipartition of type b. 



7.2. Exponents. In this subsection, we will consider all spaces to be sets. Recall that, in addition 
to the generalized Verma modules, we also defined in (|2.3.1|l dual generalized Verma modules 
V(g, n). Considered as Z n -modules, their supports were denoted L5 ajM , where q = a in i)/& n . In 
this section, we describe the sets v n (U atfJ ,). 

Definition 7.2.1. Let C G QGr be an n-dimensional space of quasi-exponentials. Then, the sequence 
of exponents of C at a point b G C U {oo} is the (unique) set of integers d = {do < • • • < d n -x} with 
the property that, for each i, there exists a function / G C with order di at b. A point b of C U {oo} 
is said to be singular if the exponents of C at b differs from {0, . . . , n — 1}. 

Let a = Y^i=i n i a i e f)/®n/ where the aj are pairwise distinct. Choose a multipartition /x = 
(/U^ 1 ), . . . of n such that fi® h n^. From /i we define the tuple of integers d = {djj | i = 

l,...,k, j = 0,... ,n< - l}by 

^•:=^_ J +n J -(j + l). (7.2.2) 

Then, set of all C G Q£ such that the singularities of C are {a\, . . . , a^} and the exponents of C at 

en are 

{0 < • • • < 2n — rii — 1 < 2n — m + d^i < • • • < 2n — m + di jTH }, 
is denoted IS^t- The parameterization is chosen so that we can make use of the following crucial 
result. 

Proposition 7.2.3 ( 130] , Theorem 2.6). For a, /i as above, we have (flT,n) B = ^o^i as subsets of Q£. 
As a consequence, 

Theorem 7.2.4. For all q G J) tw'fjfi a = q G \)/& n , A* S W g flnrf b G f)*/© n/ the map v n gives bijections 
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Proof. By remark [7. 1.41 is n {Qb,\,a) = _ • As noted in section 1531 the map v n intertwines the 
bispectral involution on X n with Wilson's bispectral involution on Q£ (or rather the corresponding 
integral transform as defined in [30]). Proposition l7.2.3l implies that (0^ e b ) B = lS^ e b . 

Let (—1) : H n H n be the isomorphism which is the identity on <B n and maps x\ to — Xi and 
2/j to —yj. Then, B = F o (— )* o (—1). We have Q ~pb = ^-a,n,-b- Proposition 15.7.21 implies that 
n -a,v-b = n -a,^,b and Lemma [5231(1) implies that ^ f _ aai t ;b = V a ^t b . Therefore, ^a,n,b = 
/t* b- This implies the claim of the theorem. □ 

If g(x) is a polynomial and p ^ 0, then the function e px g(x) has an irregular singularity of order 
one at infinity. Thus, if D is an nth order differential equation whose space of solutions is C G QGr 
then D has only regular singularities in C and (at worst) an irregular singularity at oo of order one. 
Moreover, the residue of D at oo is Supp(C) G t)*/& n . One should compare this with [3, Corollary 
1] and section 6 of II28II . Recall that D is said to be Fuchsian if it has only regular singularities i.e. if 
and only if Supp(C) = 0. 

Corollary 7.2.5. The simple W n -module L is Fuchsian if and only if the corresponding differential equation 
Dl is Fuchsian. 

Proof. The space C of solutions of Dl is a homogeneous space of quasi-exponential functions. As 
noted above, Dl will be Fuchsian if and only if the support of C equals zero. That is, if and only 
if the augmentation ideal in C[f)*] Sn annihilates L. □ 

Example 7.2.6. For each partition A of n we have the simple H„-module L(X). Since the support of 
L(X) is sent to the C x -fixed point in 0^ c , the proof of Lemma [6.5.11 shows that 

n— 1 

D L{\) = \\{xd- e;), 
i=0 

where e$ = n + Xi — (i + 1). 

Remark 7.2.7. We have associated to each simple H n -module a differential equation Dl- We see 
that the properties of Dl such as its singularities and exponents translate into properties of the 
support of L. 

7.3. Intersection of Schubert cells. In this subsection we assume that W is an arbitrary complex 
reflection group. 

Conjecture 7.3.1. Choose p G t)*, q G f), A € \n(W p ) and fx G \n(W q ). Let a G t)/W be the image 
of q and b G i)*/W the image of p. Assume that the support of both A(p, A, a) and V(g, /x, b) are 
contained in X c (W) sm . Let / denote the annihilator of the Z c (iy)-module 

Hom Hc (w)(V(g, n, b), A(p, X, a)) 

and set Z c (p, q, A, fj,) = Z C (W)/I. Then, we conjecture that Z c (p, q, A, fi) is a Gorenstein ring and 
that the module Hom Hc ( W /)(V(g, fi, b), A(p, A, a)) is isomorphic to the coregular (~ regular) repre- 
sentation as a Z c (p, q, A, /x)-module. 

Now we return to the symmetric group. For qi G C, let T{qi) be the complete flag 

Mli) ■ = (x- qi? n - j C[x] 3 , < j < 2n, 

in C[x]2n- Let q = (qi, . . . , q±, q2, ■ ■ ■ , </2, qz, ■ ■ ■ ), where the qi are pairwise distinct and qi occurs n« 
terms. Let fx = (p^\ . . . ,p.^) be a multipartition with //W |- ni - equivalently li G lrr(6 9 ). Then, 
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we define 

k 
i=l 

a scheme theoretic intersection of Schubert cells in Gr n (C[a;]2n)- Let Gr n (C[a;]2n)can denote the in- 
tersection of Gr n (C[x]2n) with QS in QGr, considered as a reduced variety. Then, Gr n (C[x]2 n )can = 
|J Ahn tff. We define n /x (g) can to be the scheme-theoretic intersection of ^(g) with Gr n (C[x]2n)can- 
In order to prove a special case of the above conjecture when W = 6 n , we need to make the fol- 
lowing technical assumption. 

Assumption 7.3.2. We have an equality v n (V) a ^ n .o) = M (g) can as subschemes of Gr n (C[x]2n)- 

We remark that neither L5 aiMjn .o or ft,j,(q) can is a reduced scheme. In order to convince the reader 
that assumption [732] is not unreasonable, we have 

Lemma 7.3.3. Let g G 1} and fi e \rr(& q ). Then, we have an equality v n {^a,^,n-o) = ^V(g)can of subsets 
of Gi n (C[x] 2 n) and 

dimC[l5 ajMin . ] = dimC[fi M (g) can ] = \& n /& q \ dim/z. 

Proof. A point V € Gr n (C[x]2n) belongs to (») (qi) if and only if qi is a singular point of V such 
that the exponents of V at q\ are encoded by \i^> . On the other hand, Theorem 17.2.41 implies that 
^n0^a,n,n-o) is the set of all canonical homogeneous spaces of quasi-exponentials with exponents 
prescribed by q and /i contained in Gr n (C[x]2 n )- Every space in Gr n (C[x]2n) is obvious homoge- 
neous. Therefore v n i^a,n,n-o) is the intersection of M (g) with Gr n (C[x]2n)can, which by definition 
is f2 M (<?) can . 

To see that dim C[LS ajMjn .o] = \& n / &q\ dim fi, Theorem l3.3.9l implies that it suffices to notice that 
eV(g,/it) is a free C[f}*] e " -module of rank \<3 n /<& q \ dim/x. This follows from the fact that, as a 
C[f)*] e "-module, 

eV(g, /x) ~ e(C[r] ® Ind <£/x) ~ e(lnd ^(C[f)*] ® /x)) ^ e 9 (C[f)*] /x), 

where e g is the trivial idempotent in C<5 9 . 

Recall that two complete flags T, and Q, in C[x]2 n are said to be transverse if dim Ti fl Qj = 
min{i + j — 2n,0} for all i, j. Let b ^ c € C U {oo}. Then, it is easy to check that the flags 
T,(b) and F 9 (c) are transverse. Hence, the flags appearing in the intersection f2 M (g) are pairwise 
transverse. They are also transverse to fiv(.F(oo)) for each partition A of n. As noted above, 
Gr n (C[x]2n)can = UAhn '(°°)) • Since the set-theoretic intersection M (g) n f^(.F(oo)) consists 
of finitely many points (notice that dimfL^J^gi)) = n 2 — \^ \ and dimOy(J r (oo)) = |A|, hence 

if Yli dim //W = n and Ahn, then dim fi^(g) n f2y(.F(oo)) = 0) the transeverality condition implies 
that 

KwiHii))} ■ ■ ■ [%w(Hik))] ■ [%(^(oo))j 

is some multiple of the identity in the cohomology ring iJ*(Gro(C[x]2n))/ where [X] ■ [Y] denotes 
multiplication in H* (Gro(C[x]2n)) of the classes defined by the closures of the locally closed subva- 
rieties X, Y of Gro(C[x]2 n )- Thus, 

dimC[fi M (g) can ] = Y,Kw(F(n))} ■ ■ ■ PM^k))] ■ [%(^(oo))]. 

Ahn 

Let a x = [n x {T(b))] = [O a (.F(oo))] be the class of a Schubert cell in H*(Gv (C[x] 2n )). They form 
a basis of H* (Gro(C[x]2n)) such that (Tf n n \ = 1. Let (— , — } be the non-degenerate pairing on 
if*(Gr (C[x] 2n )) defined by letting ([XJJY"]) be the coefficient of 1 in the expansion of [X] ■ [Y] 
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in terms of the basis {cr\}. The duality theorem, 1(151 page 149], says that (a\, a-p) = 5\^. Thus, 
Schubert calculus implies that 

dim C[fi M (g) can ] = ^(cyi) • • • cyk) , cr A ) 

Ahn 

= Yl Hom C6„ (A, Ind g^/x) = dim Ind 

AGlrr(e„) 

as required. □ 
Theorem 7.3.4. Under assumption \7.3.2\ v n induces an isomorphism of Gorenstein rings 

and Hohih„ (V(g, /x, 0), A(0, A, a)) is the coregular representation as a Z c (0, q, A, fi)-module. 

Proof. The Morita equivalence between H n and Z n implies that 

Hom Hn (V(g, /x, 0), A(0, A, a)) ~ Rom Zn (eV(q, fi, 0), eA(0, A, a)). 

Let I be the annihilator of eV(q, /x, 0) in Z n and J the annihilator of eA(0, A, a). Then, we have 
shown that eV(q, fi, 0) ~ Z n /I and eA(0, A, a) ~ Z n /J are cyclic Z n -modules. By Theorem 13.3.91 
and Proposition l7.1.2[ we have 

SpecZ n /J = Q ,x,a * Wr- x (-a) n Uf = 0^ A _ a . 

Using assumption 17.3.21 we have SpecZ„/I = U a ,fi, n -o — ^/x(g)can- Therefore, [28, Lemma 4.3] 
implies that 

Z n /(J + J) ~ C[Wr- x (-a) n ^ c n lV(g)can] = CfWr-^-a) D Clf D M (g)] 

is a Gorenstein ring. This proves the first statement of the theorem. The result [28, Lemma 3.8] 
states that: 

Claim 7.3.5. Let Z be a commutative ring and /, J ideals of Z such that 

• dhnZ/I, Zj J < oo, 

• Z/J and Z/I + J are Gorenstein. 

Let 7 = I + J in Z/J. Then, kerT ~ (Z/(J + J))* as Z/(J + J)-modules. 

Applying the above claim in our case, it suffices to identify ker I with 

Hom H „ (V(g, /x, 0), A(0, A, a)) = Hom z „ {Z n /J, Z n /I). 

This is straight-foraward. □ 

Remark 7.3.6. The claim about dimensions made after Corollary 11.3.11 can be deduced from the 
proof of Lemmata[233]and Ei3l A lso, Hom H „ (V(g, /x, 0), A(0, A, a)) = Hom Hw (V (g, /x), A(0, A, )), 
which implies that Corollary ll.3.1l is equivalent to the statement of Theorem l7.3.4[ 

8. Appendix: Batalin-Vilkoviski structures 

In this appendix we summarize the main results of [1], as required in this article. We follow 
the presentation of loc. cit., which the reader is encouraged to consult for further details. All 
undecorated tensor products will mean tensor product over C. 
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Let D = 0,j >o Di be a graded commutative algebra. If D is equipped with a map 6 : D, — >• Z}._i 
such that <5 2 = ancfj] 

5(a6c) = 5(a6)c+ (-l) deg(a W(6c) + (-l)( des ^ +1 ) des ^65(ac) - 5(a)bc 

- (-l) dog(a W(6)c - (-l) deg ( a ) +dog Wa65(c) + 5(l)a6c, 

for all homogeneous elements a, b, c of D, then D is said to be a Batalin-Vilkoviski (BV) algebra. 
Every Batalin-Vilkoviski algebra has in addition the structure of a Gestenhaber algebra. Namely, 
for x, y homogeneous elements in D, the formula 

[x,y] :=S(xy)-S(x)y-(-l) d ^ x x6(y) 

makes D, into a Gestenhaber algebra. This means that [— , — ] has degree —1 and 

[a, be] = [a,b]c + (-l^W-^W&foc], 
[a, 6] = -(ljC^W-m^W-^^a], 
[a, [6,c]] = [[a,6],c] + (_l)(deg( a )-i)(de g (6)-l) [6) [0)C]]j 

for all homogeneous elements a, 6, c of D i.e. the graded commutative algebra D is an odd Poisson 
algebra. 

Let X be a smooth affine variety equipped with a symplectic two-form w. Let Y be a smooth, 
coisotropic subvariety of X. Let N wy denote the sheaf of sections of the normal bundle of 
Y in X. It is a sheaf of Ox-modules supported on Y. Its dual N^y y is the sheaf of sections 
of the conormal bundle. Since the two-form to is non-degenerate, it induces an isomorphism 
T(X,fl x ) — r(^> A 2 ®^)- We let P be the image of uj under this isomorphism; it is a Poisson 
bivector. The graded commutative algebras A*N^ y and A'H x /y have a natural structure of BV 
algebra. Namely, the differential on A*N^, y is given by the formula 5 = ip o don + c^dr ° ip, 
where c^dr is the dePvham differential of degree one and ip denotes contraction with P (and thus 
5 has degree —1). The differential on A'N^y is given by the Schouten bracket [P, — ]. That these 
operations are indeed well-defined follows from the fact that the ideal defining Y is involutive. 
Combining Corollary 1.1.3, Propositions 5.1.1 and 5.2.1 of [1] gives 

Theorem 8.0.7. The sheaf of graded algebras Tor® x (Oy, Oy) admits a canonical structure of a Gesten- 
haber algebra such that 

Tor^(Oy,Oy)^A'N v x/Y (8.0.8) 

as Gestenhaber algebras. 

Moreover, the sheaf Ext* 0x (Oy,Oy) admits a canonical structure of Gesternhaber module over the 
Gestenhaber algebra Tor® x (Oy,Oy) such that 

£xf 0x (0 Y ,Oy)~A'N x/Y (8.0.9) 
as Gestenhaber modules, compatible in the obvious sense with the identification (18.0.81 ). 
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